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RESUMO 


Este trabalho fornece algumas contribuições originais para o estudo 
geométrico de equações evolutivas que descrevem superfícies pseudo-esféricas 
(equaçõoes PEs). Por definição, uma equação PE para funções Z = z(x, t) é 
equivalente às equações de estrutura dw; = Ws A W>, dw> = W; A Wa, dws = WA 
w> de uma variedade Riemanniana 2-dimensional com curvatura Gaussiana K = 
—1, com 1-formas q; = fy dx + fi dt, i= 1,2, 3, satisfazendo a condição de não- 
degeneração w; A w> + O e com f; funções suaves de x, t, z e suas derivadas 
com respeito a x e t Usando a noção de representação a curvatura nula (RCN), 


pode-se dizer que toda equação PE admite uma RCN a valores em sI (2, R). 


A primeira contribuição deste trabalho diz respeito a uma classificação 
completa e explícita de equações PEs evolutivas de segunda ordem da forma z' 
=A(xtz)z2+B(xt Z,z1) comz=z(x De z; e , Sob as hipóteses que f;= 
fix t,Z1,2Z>,z2)ef>=n. De acordo com a classificação dada, estas equações 
subdividem-se em três classes principais (chamadas de Tipos 1-IIl) juntamente 
com os correspondentes sistemas de 1-formas (w,, w>, ws) que, em virtude da 
hipótese f> = n, definem para cada tipo uma família a 1-parâmetro de RCNs 
associadas. Nesta classe de equações PEs encontram-se em particular algumas 
equações já conhecidas, dentre as quais as equações integráveis classificadas 
por Svinolupov e Sokolov, a equação de Boltzmann, e equações de reaçãao e 
difusçao como a equação de Murray. Ulteriores novos exemplos explicitos são 


também apresentados. 


A segunda contribuição é relativa ao problema de existência de imersões 
isométricas locais, no espaço Euclidiano 3-dimensional Eº, para as famílias de 
superfícies pseudo-esféricas descritas pelas equações PEs da classificação 
acima. O resultado principal obtido neste caso é que estas imersões existem 
somente para as equações do Tipo |, que possuem forma de lei de conservação, 
e isso levou à uma extensão natural deste resultado ao caso das equações 
evolutivas de ordem k da forma D' (f (x, t, Z)) = D* (O(x, t, Z, Z1, -.., Z)). No 
âmbito da literatura existente sobre este problema, todos os resultados obtidos 
nesta parte do trabalho são novos; em particular além de equações de segunda 
ordem, como por exemplo as equações de Boltzmann, Murray e as equações 
de Svinolupo e Sokolov, entre os exemplos de equações PEs que admitem 
este tipo de imersão isométrica há também equações de ordem superior como 
as equações de Kuramoto-Sivashinsky, Sawada-Kotera, Kaup-Kupershmidt e 


inteiras hierarquias de equações integráveis como as de Burgers, mKdV e KdV. 


Finalmente, nós consideramos o problema de construir famílias a 
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1-parâmetro não-triviais de RCNs para equações PEs. Este problema é de 
interesse especial para as aplicações da teoria das RCNs, por exemplo no 
cálculo de soluções exatas e hierarquias infinitas de leis de conservação, e 
tem sido resolvido no caso mais geral de RCNs a valores em g, com g uma 
sub-álgebra de gl! (n, R) ou gI (n, C), usando a teoria de simetrias clássicas de 
equações diferenciais. 

Os resultados originais deste trabalho são exibidos nos Capítulos 2, 3 e 
4. Em particular, os resultados do Capítulo 4 tem sido recentemente publicados 


no artigo [15]. 


PALAVRAS-CHAVE: Equações que descrevem superfícies pseudo- 
esféricas; equações integráveis; representações a curvatura nula; imersões 


isométricas; simetrias clássicas; geometria das equações diferenciais. 


ABSRACT 


This work provides some original contributions to the geometric study of 
evolution equations which describe pseudospherical surfaces (PS equations). 
By definition, a PS equation for functions Z = z(x, ?) is equivalent to the structure 
equations dw; = ws A w>, dw> = w; A ws dws = w; A w>0f à 2- dimensional 
Riemannian manifold with Gaussian curvature K = —1, and with 1-forms w; = fi; 
dx + fi dt, i= 1, 2, 3, satisfying the non-degeneracy condition w; A w> + O with 
fi; smooth functions of x, t, Z and derivatives of z with respect to x and t. Using 
the notion of zero-curvature representation (ZCR), one can say that every PS 


equation admits an sI (2, R)-valued ZCR. 


The first contribution of this work concerns a complete and explicit 


classification of second order evolution PS equations of the form z' = A(x, t, Z) 


da under the assumptions that f; = f; 


(x, t, Z1, Z>,Z ) e f> =n. According to this classification, these PS equations are 


Zz2+B(x, tz, z1), with z =2z (x, ?) and 


subdivided into three main classes (referred to as Types |-IIl) together with the 
corresponding systems of 1-forms fw;,, w>, ws) which, in view of the assumption 
f2 =, define for any such equation an associated 1-parameter family of ZCRs. 
Some already known equations are found to belong to this class of PS equations, 
like Svinolupov-Sokolov equations admitting higher weakly nonlinear symmetries, 
Boltzmann equation and reaction-diffusion equations like Murray equation. Other 


explicit examples are presented, as well. 


As a second contribution we considered, for the families of pseudospherical 
surfaces described by above class of PS equations, the problem of existence of 
local isometric immersions into the 3-dimensional Euclidean space E* We found 
that only Type | equations admit such a kind of immersion and, on the base of this 
result we also provided an extension to the case of k-th order evolution equations 
in the conservation law form D' (f (x, t, Z)) = D (Ox, t Z, Z4, ..., Z,)). The results 
and explicit examples discussed in this part of the work are new, when compared 
with the existing literature, in particular the examples include equations like 
Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher order 
equations like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt 
equations and also full hierarchies of integrable equations like Burgers, mKdV 
and KdvV. 


Finally, we considered the problem of constructing nontrivial 1-parameter 
families of ZCRs for PS equations. This problem is of special interest for the 
application of the theory of ZCRs, for instance in the calculation of exact solutions 


and infinite hierarchies of conservation laws, and has been solved in the more 
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general case of g-valued ZCRs, with g a Lie sub-algebra of gl (n, R) or gl (n, C), 


by using the theory of classical symmetries of differential equations. 


The original results of this work are exposed in the Chapters 2, 3 and 4. In 


particular, the results of Chapter 4 have been recently reported in the paper [15]. 


KEYWORDS: Equations describing pseudospherical surfaces; integrable 
equations; zero-curvature representations; isometric immersions; classical 


symmetries; geometry of differential equations. 
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INTRODUCTION 


Dierential equations which describe pseudospherical surfaces (PS equations) arise 
ubiquitously as suitable models in the description of nonlinear physical phenomena as well 
as in many problems of pure and applied mathematics. Geometrically these equations are 
characterized by the fact that their generic solutions provide metrics on open subsets of 
R?, with Gaussian curvature K = -1. The rst well known example of such an equation is 
the sine-Gordon equation Z, = sin(z). This example was discovered by Edmond Bour [3], 
who realized that in terms of Darboux asymptotic coordinates the Gauss-Codazzi equations 
for pseudospherical surfaces contained in R, reduce to the sine-Gordon equation. Then, 
the discovery of Bácklund transformations rst, and later the construction by Bianchi of the 
superposition formula for solutions of this equation, focused even more attention on the sine- 
Gordon equation, that in the end it turned out to be an important model in the description 
of several nonlinear phenomena (see for example [31, 35, 59]). However, it was after the 
early observation [56] that "all the soliton equations in 1 + 1 dimensions that can be solved 
by the AKNS 2 2 inverse scattering method (for example, the sine-Gordon, KdV or modied 
KdV equations) ... describe pseudospherical surfaces", that the general study of these 
equations was initiated. In particular, it was with the fundamental paper [20] by S. S. Chern 
and K. Tenenblat that initiated a systematic study of these equations. The results of [20], 
together with the considerable eort addressed over the past few decades to the possible 
applications of inverse scattering method, gave a signicant contribution to the discovery of 
new integrable equations. For instance, Belinski-Zakharov system in General Relativity [8], 
the nonlinear Schrôdinger type systems [19, 24, 27], the Rabelo's cubic equation [6, 46, 
47, 55], the Camassa-Holm, Degasperis-Procesi, Kaup(Kupershmidt and Sawada-Kotera 
equations [11, 14, 50, 51, 52, 53] are some important examples of PS equations which 
are integrable by inverse scattering method. All these facts prove the relevance of these 
equations and justify the general interest in their study and classication. This thesis provides 


some contributions to the geometric study of evolution PS equations. 


From a geometric point of view, every PS equation £ satisfies the following remarkable 
property: to any generic solution (see below) Z = z(x, t) of €, dened on an open domain U 
c Rº, itis associated a Riemannian metric dened almost everywhere on the domain U with 
Gaussian curvature K= -1.. Indeed, by definition a differential equation £ for a real function 
z=2z(x, t)is a PS equation if it is equivalent to the structure equations dw, = w,A w,, dw, = 
w,A W dv, =W,A w,of a 2-dimensional Riemannian manifold whose Gaussian curvature 
K=—1, and with 1-forms w, = f, dx + f dt satisfying the non-degeneracy condition w, A w, + 


O with fij smooth functions of x, t, Z and derivatives of Z with respect to x and t. Notice that 
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according to the denition w, A w, is generically nonzero on the solutions of a PS equation 
€. However, this condition does not guarantee the property that, for any solution z : Uc R? 
> R, the restriction (w,A w)[Z] of w, A w,to Zis everywhere nonzero on U. Relatively to a 
given system of 1-forms (w,, w,, w ), we will call generic a solution Z: Uc R? > R such that 
(w,A w)[Z] is almost everywhere nonzero on U, i.e., itis everywhere nonzero except for a 
subset of U of measure zero. Thus, for any generic solution z: UC R? > R of a PS equation 
E, the restriction [2] of |= w, + w,to Z defines almost everywhere a Riemannian metric 
IZ] on the domain U with Gaussian curvature K = —1. Itis in this sense that one can say 
that a PS equation describes, or parametrizes, a family of non-immersed pseudospherical 


surfaces. 


For instance, one may easily check that sine-Gordon equation Z, = sin(z)is equivalent 

to the above structure equations for the following system of 1-forms 

wi = asin (2) dt, 

wo = n dx + scos (2) dt, (0.0.1) 

wa = 2, dz, 
with n E R — 40). In this case one has that 7 = wi +w? = dt? +2 cos(z) dr dt + mdr?. 
Notice that, with respect to the system (0.0.1), sine-Gordon equation admits non-generic 
solutions. For instance, Z = kr, k E Z, is a non-generic solution of sine-Gordon equation. PS 
equations can also be characterized in few alternative ways (see Section 1.2, of Chapter 
1). For instance, above structure equations are equivalent to the integrability condition of 
an auxiliary first order linear system, and this naturally leads to study some properties of 
PS equations by using the notion of zero-curvature representations (ZCRs), (see Sections 
1.2 and 1.5, of Chapter 1) which originates by the observation that some nonlinear partial 
differential equations (PDESs) can be interpreted as integrability conditions of an auxiliary 
linear system [54, 60]. Indeed, since the early applications of the inverse scattering method 
to the computation of soliton solutions of PS equations like KdV [1, 28], the notion of ZCR 
has been widely used in the study of PS equations as well as of most general nonlinear 
PDEs (see for instance [2, 8, 9, 26, 54, 65] and references therein). In particular, it is typical 
for an integrable system of PDEs to admit a ZCR which depends on some real parameter 
n, usually referred to as the spectral parameter. An example of this is given by the sine- 
Gordon example (see Section 1.2, of Chapter 1). The presence of such a parameter is 
crucial not only for the determination of exact solutions, via the inverse scattering method 
[1, 64] or the finite gap integration method [42], but also to guarantee other remarkable 
attributes of integrable equations like, for instance, parametric Bácklund transformations 


and the existence of infinite hierarchies of conservation laws (see Section 1.6, of Chapter 
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1, and also [18, 20, 54, 56]). However, only nontrivial parameters are suitable for such 
applications of 1-parameter families of ZCRs. Hence the problem of deciding whether a 
parameter is trivial or not is particularly relevant in the theory of PS equations, as well as 
in the most general theory of ZCRs. This problem has been already studied in the paper 
[38], by identifying a cohomological obstruction to removability and providing an effective 
method for the elimination of trivial parameters. In Chapter 4, as discussed below, we 
consider another important problem which is that of constructing families of ZCRs (or linear 


problems) depending on nontrivial parameters. 


In [20] Chern and Tenenblat obtained characterization results for evolution equations 
ofthe form z, = F(z, Z, ..., Z,) (ffom now on we denote z,= )'2 /9x'), under the assumptions 
that f;= fkz, Z, -.s Z) and f,, =n, where n is a parameter. . In the same paper the 
authors also considered a similar problem for equations of the form Z,,= F(Z, Z, ..., Z). 
A noteworthy result of this study was an effective method for the explicit determination 
of entire new classes of differential equations that describe pseudospherical surfaces. 
Motivated by the results of [20], in a series of subsequent papers [30, 46, 47, 48], the same 
method was systematically implemented and new classes of pseudospherical equations 
were identified still with the basic assumption that f,, = n. Then in [18] the authors showed 
how the geometric properties of pseudospherical surfaces may provide infinite number of 


conservation laws when the functions f;are analytic functions of the spectral parameter n. 


In 1995, Kamran and Tenenblat [34] generalized the results of [20] by giving a 
complete characterization of evolution equations of type Z, = F (Z, Z,, ..., Z,) which describe 
pseudospherical surfaces, in terms of necessary and sufficient conditions that have to be 
satisfied by F and the functions fi = fkZ, Z, --» Z) » With no further additional conditions. 
Another generalization of [20] came in 1998 by Reyes who considered in [49] evolution 
equations of the more general form Z, = F(x, t, Z, Z, ..., Z,), allowing x, tto appear explicitly 
in the equation and assuming that f;= FA, $2Z,Z,-...Z) and f, =n. Then, in a subsequent 
series of papers [50]-[52] Reyes also studied other aspects of such equations. 

In 2002, differential systems describing pseudospherical surfaces or spherical 
surfaces (with constant positive curvature metrics) were studied by Ding-Tenenblat in [24]. 
Such systems include equations such as the nonlinear Schr'odinger equation and the 
Heisenberg Ferromagnet model, and large new families of differential systems describing 
pseudospherical surfaces were obtained. In particular, these families have relations with 
those obtained by Fokas in [27]. 


Also we mention that a higher dimensional geometric generalization of the sine- 
Gordon equation, characterizing n-dimensional sub-manifolds of the Euclidean E?! with 


constant sectional curvature K = —1, was considered in [62] and its intrinsic version as a 
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metric on open subsets of R”, with K = —1, was studied in [7], by applying inverse scattering 
method. Other differential n-dimensional systems that are the integrability condition of 
linear systems of PDEs can be found in the so called generating system (see [61] and its 


references). 


The several characterization results obtained in [20, 34, 49] are extremely useful, 
either in checking if a given differential equation describes pseudospherical surfaces or in 
generating large families of such equations. For instance, as an application of [34], Gomes 
[29] and Catalano-Tenenblat [17] classified evolution equations of the form Z, = Z, + G(z, Z,, 
Z» Zy Z)andZ =2,+ G(z, Z, Z» Z;), respectively, under the auxiliary assumptions that f,, 
and f,, are linear combinations of f,,. More recently, the same assumptions have been used 
by Silva and Tenenblat in [14] to give a classification of third order equations of the form z,= 
Zot Azz + G(Z, Z, Z,), with Ã E R. 

The results of [14, 17, 29] permit the explicit description of huge classes of equations 
describing pseudospherical surfaces which, apart ffom the already known examples, 
represent a great amount of new equations whose physical relevance is highly expected. 
For example, some applications of equations classified by Rabelo and Tenenblat [6, 30, 46, 
47] have been recently discussed by Sakovich in a series of papers (see for instance [55]). 


Of course, the same should occur in the case of results obtained in [14, 17, 29]. 

In Chapter 2 we give a classification of PS equations of the form 

u=A(x,t,2)2 + B(x,t,2,2), AO, 
with associated 1-forms 
wm=fudr+fodt, wy=fadr+fodt, wy=fydr+ fadt, 
such that f;= FAX, tz, Zz,) and 
fa =n, neR. 

The main result of this classification shows that these evolution equations fall into 
three classes, further referred to as types. In each type, differential equations and associated 
linear problems can be easily obtained by choosing some arbitrary differentiable functions. 
Examples of such equations are the already known Svinolupov-Sokolov equations admitting 
higher weakly nonlinear symmetries [43], Boltzman equation, Marvan equation [39] and 
reaction-diffusion equations like Murray equation. Many other examples are presented 
forward the end of Section 2.2 and in Section 2.5. 

In Chapter 3 we study the problem of determining local isometric immersion of the 
families of pseudospherical surfaces described by the PS equations classified in Chapter 2, 


as well as for that described by some simple generalizations. 
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From the classical theory of Monge-Ampêre equations of the form SP oa ER 
K, it follows that surfaces of constant Gaussian curvature K always admit local isometric 
immersions in Eº*. However, due to Hilbert theorem, there exists no complete isometric 
immersion of bidimensional Riemannian metrics with Gaussian curvature K = —1 in ES. 
Hence, in particular, any given pseudospherical surface described by a PS equation E 


admits a local isometric immersion. 


Hence, in view of the Bonnet theorem, to any generic solution Z of €, itis associated 
a pair (N2z], !M2]) of first and second fundamental forms, which solves the Gauss-Codazzi 
equations and describes a local isometric immersion into Eº of the associated pseudospherical 
surface. However, the dependence of (1Z], /Z]) on Z may be quite complicate and in general 
it is not guaranteed the existence of a pair (/, |) which satisfies Gauss-Codazzi equations 
and smoothly depends on the generic solutions Z of €. In particular, the domain of the local 
immersion of the pseudospherical surface associated to a generic solution Z is in general a 
subset of the domain of z, and by passing to generic solution z'these domains could change 


as well. 


Nevertheless such a pair (|, Ih, which satisfies Gauss-Codazzi equations and 
smoothly depends on the solutions z, may still exist for some very special equations. An 
example is provided by the sine-Gordon equation with w,, w, and w, given by (0.0.1): indeed 
in this case one has 7 = dt? + 2cos(z) dr dt + m2dx? and it is known (see for instance 
[61], Theorem 2.4) that Gauss-Codazzi equations are integrable and admit the second 
fundamental form || = +2 sin(z) dx dt as an explicit solution. Hence one can always find 
local isometric immersions of pseudospherical surfaces corresponding to generic solutions 


of sine-Gordon equation. 


Hence, in view of sine-Gordon example, it is natural to ask whether are there other 
PS equations which admit such a local isometric immersion for the described family of 


pseudospherical surfaces. 


Recently this question has been investigated by T. Castro Silva, N. Kahouadii, 
N. Kamran and K. Tenenblat in the papers [13, 32, 33], under the assumption that the 
coefficients of the second fundamental form /l depends on finitely many derivatives of z and 
does not explicitly depend on x and t. In [32, 33] they provided an answer in the case of k-th 
order evolution PS equations z, = F'(Z, Z,, ..., Z,) and second order hyperbolic PS equations 
Z,= F(z, Z,), by restricting the study to the classes of 1-forms (w,, w,, w,) classified in [20] 
and [47]. Analogously, in [13] they provided an answer in the case of PS equations of the 
form Z,— Z,,= AZz, + G(Z, Z, Z,), NE RR, by restricting the study to the classes of 1-forms (w , 


w,, w,) classified in [14]. 
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The results of these papers prove that, in the class of PS equations, the property 
of admitting local isometric immersions of the type considered above is exceptional since 
it holds only for some special classes of PS equations. In particular it turns out that sine- 
Gordon equation occupies a particularly special place amongst all these PS equations. 
Indeed, in view of the second fundamental form || = +2 sin(z) dx dt, for the sine-Gordon 
equation the restriction (JZ], /KZ]) of the pair (/, /)) to a given generic solution z, defined on 
a domain U c R?, is still defined on the same domain U without additional requirements. 
On the contrary, for all the other examples identified in the papers [13, 32, 33] the second 
fundamental form is only defined on a strip contained in the domain of a considered generic 
solution. Moreover, on the immersed pseudospherical surface defined by any given generic 
solution z of sine-Gordon equation, the normal curvatures a, c and the geodesic torsion b 
in the directions e1 and e2 dual to w1 and w2 (see sub-Section 1.1 of Chapter 1) depend 
explicitly on the particular solution Z: indeed one can prove that for the sine-Gordon equation 
a = +2/tg(z), whereas b = +1 and c= 0. On the contrary, for all the other examples identified 
in the papers [13, 32, 33] one has that a, b and c are independent of z, and only depend on 
x and t Hence we can say that the local isometric immersions of pseudospherical surfaces 
described by sine-Gordon equation have the property of having “z-dependent” functions a, 


band c. 


The aim of Chapter 3 is that of continuing the investigations of papers [13, 32, 33] 
in the case of evolution PS equations classified in Chapter 2, and for a simple k-th order 
generalization of equations of Type |. Indeed, by first considering PS equations of the form 
z,=A(x, t, 2)z, + B(x, t, Z, Z,) with f,, = n classified in Chapter 2, we found that only Type | 
equations admit these kind of local isometric immersions. Then, on the base of this result, 
we found an extension to the case of k-th order evolution equations in conservation law 
form D, (f(x, t, 27) = Dx (O (x, t, 2,2, ..., Z,)). As a result, we found that in the class of PS 
equations admitting local isometric immersions one also has second order equations like 
Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher order equa- tions 
like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt equations and also full 
hierarchies of integrable equations like Burgers, mKdV and KdV, which were not covered by 
the results of previous papers [32, 33]. However, it is noteworthy to observe that the special 
character of sine-Gordon equation is still confirmed by these results: sine-Gordon equation 
is the unique known example of a PS equation where the pair (Il, Il) has “z-dependent” 


functions a, b and c (see Section 1.1). 


Finally in Chapter 4 we discuss a method which uses the theory of classical 
symmetries of differential equations to construct nontrivial 1-parameter families of ZCRs, 


for g-valued ZCRs with g a Lie sub-algebra of gl (n, R) or gl (n, €). The case of ZCRs of PS 
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equations corresponds to the special case g = sI(2, R). 


While studying a differential equation, it is not unusual to know only a non-parametric 
ZCR or even a trivial 1-parameter family of ZCRs [21, 37, 54, 60]. Hence, the problem of 
constructing nontrivial 1-parameter families of ZCRs is of special interest for the application 
of the theory of ZCRs. In such cases one is naturally faced with the embedding problem of 


a given nonparametric ZCR into a nontrivial 1-parameter family of ZCRs. 


Due to the importance of this problem, various attempts have been already made to 
provide any effective embedding method. Among these the symmetry method, firstsuggested 


in [37, 56] and further developed in the papers [22, 21, 36], is particularly representative. 


In its original formulation, the symmetry method allows one to embed a given ZCR « 
into a 1-parameter family of ZCRs a, of €, via the action on a of a 1-parameter group A, of 
projectable point symmetries of € However, in general, a 1-parameter group A, may be not 
“good” in the sense that the induced embedding may result in a trivial 1-parameter family 
«,. Hence, to solve this problem, the authors of [21] suggested to compare the symmetry 
algebras of € and its covering, and conjectured that “good” symmetry groups A, can be 


identified by a mismatch of these algebras. However, that conjecture remained unproved. 


The aim of Chapter 4 is that of further developing the symmetry method, by taking 
into consideration the action of any kind of classical symmetry, and prove an infinitesimal 
criterion which is particularly effective in the identification of “good” inwfinitesimal classical 
symmetries, i.e., those symmetries which can be used to embed «a into a nontrivial family a, 
of ZCRs of €. According to that criterion we show that, relatively to «, one may distinguish 
classical infinitesimal symmetries of € into gauge-like symmetries and non gauge-like 
symmetries. The first type of symmetries form a Lie sub-algebra of the Lie algebra of 
symmetries of £ and only produce trivial 1-parameter families of ZCRs. On the contrary, any 
1-parameter family «, constructed with the flow of a non gauge-like symmetry is nontrivial. 
These results are illustrated with some examples in Section 4.3 and have been recently 
reported in the paper [15]. 

We note that Marvan also formulated in [40] an embedding method which is alternative 
to the symmetry method discussed in Chapter 4. Both methods may be considered 
completely algoritnmic, however the symmetry method is computationally more simple than 


Marvan's method, when a non gauge-like symmetry exists. 
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CAPÍTULO 1 
PRELIMINARIES 


For the reader's convenience we collect here some useful facts, and notations used 
throughout the thesis. The interested reader should refer to the general references [12, 20, 
34, 38, 41, 44, 45, 58, 61, 63] for further details. 


In particular, in Section 1.1 we review some useful elements of classical theory of 
surfaces in terms of moving frame formalism. Then, in Sections 1.2 and 1.3 we collect the 
material on PS equations used in the Chapters 2 and 3. Finally, in Sections 1.4, 1.5 and 
1.6 we review the basic material on the geometric theory of differential equations and zero- 


curvature representations (ZCRs) in the form which is used in the Chapter 4. 


ELEMENTS OF SURFACES THEORY WITH MOVING FRAMES 
In the 3-dimensional Euclidean space Eº, with the canonical scalar product <, >, letr 
=r(x', x? be a local chart of a regular surface M. By naturally extending the scalar product to 


Eº-valued 1-forms, the first and second fundamental forms of M are respectively defined by 


2 2 
I=<dr,dr>= 3 gdi'do,  Ili=-<drdn>=S ada! do, 


ij=1 ij=1 


with 
ri ÃTo 
ni —— +, 
ra A ro| 
denoting the unit normal to M and 
Jij = Fil; >, Gij=>—<Tin0;>=<T[Ti;;n>. 


The principal curvatures and principal directions of M are the eigenvalues and 
eigenvectors of the shape operator P defined as IX, Y) = KPX, Y), for any pair X, Y of 
vector fields tangent to M. 

According to G. Darboux and E. Cartan the geometry of surfaces can be conve- 
niently described by using the formalism of moving frames on M, which in the context 
considered here are orthonormal frames fe, e,, e, = ny of vector fields with e, and e, tangent 
to M, and locally parametrized on the domain U c R, of the chart r. Indeed, since dr takes 


values in the tangent plane to M, one has that 


dr = wjey + woes, (1.1.1) 


with w, and w, dierential 1-forms dened on U. On the other hand, in view of < e;e >= 8,» 


one has 
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de, = w19€9 + wi13es, 

des = w91e1 + woges, (1.1.2) 

des = w31e1 + w39eo, 
with differential 1-forms w, defined on U and such that 

Wij = —Wji- 
Hence, in terms of these 1-forms the first and second fundamental forms read 
I=wi tu? TM =w wi +w was, 

where w(e) = 5, In particular, this means that (w, w,) is a coframe on M dual to the 
orthonormal frame (e,, e. 

Equations (1.1.1-1.1.2) are the Gauss-Weingarten equations of classical theory of 
surfaces, in the form of a first order system, whose compatibility conditions can be easily 
obtained in view of d? = 0. Indeed, from d% = ce, = O one easily gets the Cartan's structure 
equations 

dum = wi9 A wa, dws = wyj A wi, (1.1.3) 
wi A w13 + wa A was =0, (1.1.4) 
and 
duo = w13 A wap, 
dung = w2 A was, (1.1.5) 
duas = way A wi3. 

It follows that, in view of (1.1.3), the connection 1-form w,, is completely determined 
by 

wya(e;) = dwi(e1, ea), $=1,2, (1.1.6) 
whereas, equation (1.1.4) entails that w,A w,A w,;=W,A W,A w,,=0 and hence one can 
write w,, and w,, as 

w13 = aw, + bwo, wos = bwy + cwo, (1.1.7) 


with a, b, c differentiable functions on U, whose geometric interpretation is as follows (see 
for instance [12]): functions a and c are the normal curvatures of M in the directions of e, 


and e,, respectively; b (resp., —b) is the geodesic torsion in the direction of e, (resp., e,). 
Therefore equations (1.1.5) reduce to 


dwyo = —Kw, A wo, (1.1.8) 
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with 
K =ac—b?, (Gauss equation) (1.1.9) 
being the Gaussian curvature of M in terms of its extrinsic geometry, and 


dwm3 = w149 A wos, ' : 
(Codazzi equations) (1.1.10) 
dwo3 = wo A wi3. 
This way one easily gets the Gauss and Codazzi equations of the classical theory 


of surfaces. 


Equations (1.1.8-1.1.9) and (1.1.10) are the compatibility conditions of Gauss- 


Weingarten equations (1.1.2). 
It follows that the 1-forms w,, w, and the connection form 
Wa = w19 


satisfy the equations 


dw, = w3 A wa, 
dwa = wM A ws, (1.1.11) 


dws = —Kw, A wa. 


In particular, the structure equations (1.1.11) describe the intrinsic geometry of the 
surface M. Moreover, since in view of (1.1.6) the 1-form w, is completely determined by 
te, e,) and (w,, w>, and hence it only depends on the intrinsic geometry of M, then the 
third equation of (1.1.11) provides a proof of Gauss" teorema egregium, which states that 
K does not depend on the extrinsic geometry of M and is completely determined by first 
fundamental form /. The extrinsic geometry of M, on the other side, is described by the 
Gauss-Weingarten equations (1.1.1-1.1.2), provided that their compatibility conditions 
(1.1.10) and (1.1.9) are satisfied. 


Finally we remember here the classical Bonnet theorem which states that given two 
symmetric bilinear forms Il and Ilon U c R?, which satisfy (1.1.8-1.1.9) and (1.1.10) and 
with / positive-definite, for every p € U there exists a neighborhood Vc Ucof pand a 
diffeomorphism r: V> r(V) c R, such that the regular surface r(V) c Eº has / and Il as 
first and second fundamental forms, respectively, and r is unique up to isometries of Eº. 
The mapping r is a local isometric immersion of the Riemannian manifold (U, 1), and in the 
particular case when [is pseudospherical, i.e. when lis such that K= —1, itis also classically 
known that such a local isometric immersion of (U, 1) in Eº always exists. Observe that, in 


the case of a pseudospherical surface, equations (1.1.11) reduce to the structure equations 
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of pseudospherical surfaces used throughout this work. 


PS EQUATIONS 


If (M, 9) is a 2-dimensional Riemannian manifold and (w,, w is a coframe, dual to an 
orthonormal frame (e, e», then g = wt + ws and w, satisfy the structure equations: dw, = 
w,A w,and dy, =w A w, where w, denotes the connection form defined as w (e) = dwfe,, 


€,). The Gaussian curvature of M is the function K such that dw, = -Kw, A w,, 


We say that a k-th order differential equation € for a real-valued function z=Z (x, 1), 
describes pseudospherical surfaces, or that itis a PS equation, if it is equivalent to the 


structure equations of a surface with Gaussian curvature K = —1,i.e., 
do, =w3z Awa, dwy=wAws, dwy=wjAwa, (1.2.1) 
where (w,, W, w,) are 1-forms 
wm = fuder + fodt, wo=fadr+ foodt, wy= fadr+ fadt, (1.2.2) 


such that w, A w, + O and fij are functions of x, t, Z(x, t) and derivatives of Z(x, t) with respect 


to x and t. 


Notice that according to the definition w, A w, is generically nonzero on the solutions 
of a PS equation €. However, this condition does not guarantee the property that, for any 
solution z: Uc R?>R, the restriction (w, A w)[Z] of w, A w,to Z is everywhere nonzero 
on U. Relatively to a given system of 1-forms (w,, w,, w,), we will call generic a solution Z : 
UCR?>R suchthat(w,A w,)[27] is almost everywhere nonzero on U, i.e., itis everywhere 
nonzero except for a subset of U of measure zero. Thus, for any generic solution Z:Uc R? 
>RRofa PS equation E, the restriction [Z)of 1 = wê + wa to z defines almost everywhere 
a Riemannian metric [2] on the domain U with Gaussian curvature K= —1. Itis in this sense 
that one can say that a PS equation describes, or parametrizes, a family of non-immersed 


pseudospherical surfaces. 


A classical example is the KdV equation Z, = Z,.. + 6ZZ,, which corresponds to 


n=(I-2) drt(-me+nãw-nz-22 + 422) dt, 


wa = ndz + (nº + 2n2 — 22) dt, 
ws=-—(1+2) dr+ (— 2; + nz — mz — 922 — nm — 22) dt, 


with n E R. Another classical example is the sine-Gordon equation z, = sin (2), which 
corresponds to 


wj = asin (2) dt, 
wo = nda + acos (2) dt, 


w3 = 2 dz, 
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withn ER — (0). 
Another example is the nonlinear dispersive wave equation (Camassa-Holm) 
% — Zezt = 2lrrx + 22vZra — I2ly — Mg, 


which corresponds to 


p= (2 — cos + 2$Ê 1) do+ [-2(fu + 1) = — 2$Ê 41] de, 

wo =ndrz+(—nz+ 2 —n) dt, 

og = (2 — coa + ERÊ) do + fr: a) + za po eÊ] dt, 
withn ER. 


PS equations can also be characterized in few alternative ways. For instance, the 


system of equations (1.2.1) is equivalent to the integrability condition of the linear system 
dv! 1 w wj — w: ul 
=> ? nda (1.2.3) 
dv? 2Nwtws —uwm v? 


Another interpretation comes by the use of the sI (2, R)-valued 1-form 


where v'= v' (x, d. 


1 w wi —w 
0=5 ? O side AT; (1.2.4) 
2 À witws —wo 
with X and T being the st (2, R)-valued smooth functions (also known as Lax pair in matrix 
form) 
1 == 1 == 
x=5 fa fu — fa Pal fo  fo-—fy (1.2.5) 
“A furta —fa “A fotfo —fo 


Indeed, equations (1.2.1) are equivalent to 
1 
dO — 5 [02,0] = 0. 


This means that, for any solution Z = z (x, ?) of E, defined on a domain U c R?, Oisa 
Maurer-Cartan form defining a flat connection on a trivial principal SL (2, R)-bundle over U 


(see for instance [25, 58]). 


Moreover, by using the notation V:= (v', v)”;, (1.2.3) can be written as the linear 


problem 


ovo 


— => /. pu 
ar TV. (1.2.6) 
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Itis easy to show that equations (1.2.1) are equivalent to the integrability condi- tion 


of (1.2.6), namely 
DX -DT+[X,T]=0, (1.27) 


where D, and D, are the total derivative operators with respect to t and x, respectively. In 
the literature [23] 1-form O, and sometimes the pair (X, T) or even (1.2.7), is referred to as 
an sI(2, R)-valued zero-curvature representation for the equation €. Moreover, the linear 


system (1.2.3) or (1.2.6) is usually referred to as the linear problem associated to € . 


Remark 1.2.1. Itis noteworthy to remark that saying that an equation € admits an 
si(2, R)-valued zero-curvature representation is not equivalent to say that E is a PS equa- 
tion. Indeed, for € describing pseudospherical surfaces it is required that the functions fi 
in (1.2.5) satisfy the non-degeneracy condition w A w,=(f,f,,—Ff,fp) AXA dt* O, which 
guarantees that wi? + wê is generically non-degenerated. 

It is this linear problem that, in some cases, is used in the construction of explicit 
solutions of PS equations, by means of inverse scattering method [4, 5, 28]. In particular, 
when f,, = n, where n is a parameter and f,, f,, are independent of n, the linear problem 
(1.2.6) is the so called AKNS system [1]. 

We notice that, under the gauge transformation X> X=SXS'+DSS,T>TS 
=ST8'+DSS”,where Sis an SL(2, R)-valued smooth function, left hand side of (1.2.7) 
transforms to 


Dt=DBrsnss(tre Dress, 


and hence (1.2.7) is invariant. However, one should be aware of the fact that such a gauge 
transformation may not preserve the condition w A w,=(f,f,,— f,f>) dAXA ato. 

For instance, with f, =e”z=-f;nf,=e"(2,+2)=-f;»f»=n, fo =0, the pair 
X, T given by (1.2.5) defines an sI(2, R)-valued zero-curvature representation of Burgers 


equation Z, = Z,, + 22Z,, which transforms to 


E l 
ez O) 

under the transformation given by S = E” . 
0 ez 


Therefore under the transformation defined by S, f, transforms asf;; =€" Ji: 
for (i, ) * (2, 1), and fÉ — 0. Hence fi fó — fôfã = 0, whereas fifa — fifa +. 
Throughout this thesis, partial derivatives of Z = z(x, t) of order i with respect to x will be 


denoted by z, i.e., 
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ne oz 
“o da 


Hence, an evolution equation of order k will be written in the form 
A dE (0 28) E AA PER RRE  E (1.2.8) 
Itis noteworthy to remark that equations in conservation law forms are PS equations, 
as stated by the following easy to prove 
Theorem 1.2.2. The k-th order evolution equations of the form 
Di(f) = De (9), (1.2.9) 


where f =f(x,t,2), O= O(x,t, 2,2, ...,Z,.,) are arbitrary differentiable functions, such that 
f. 2,4 * 0 on a nonempty open set, is a PS equation with associated 1-forms w,= f, dx + 


fip dt of one of the following two alternative types: 


a. fu= e nz+9) f. fr = e (NT+DQ. 
fa =, fo =g, (1.2.10) 
fa = conto) fa = e MN, 


where e =+1, g=g(t) is an arbitrary differentiable function and nº + (9) O. 


b. fu =cosh(nz+g)f. fio = cosh (nx + 9) O, 
fu=n, rsedi (12.11) 
fa =-sinh(nr +9) f. fa2 = —sinh (nx + 9) O, 


where g = g(t) is an arbitrary differentiable function and nº + (9)? + O. 


Remark 1.2.3. The class of PS equations described by Theorem 1.2.2 may be 
thought as being a generalization to k-th order of the Type | class of PS equations obtained 


in Chapter 2. 


FINITE-ORDER LOCAL ISOMETRIC IMMERSIONS OF SURFACES 
DESCRIBED BY PS EQUATIONS 


In view of (1.2.2) and (1.1.7), the second fundamental forms of local isometric 


immersions of surfaces described by the solutions of a PS equation have the form 
IT = wwi3 + wowas = anda? + 2ajodz - dt + agdt?, 


with 
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an =afh+2bfufa + cf. 
mo =afufio+b(fufo + fafiz) + cf fo, (1.3.1) 
ax = afio + 2bfio fa + clã, 

and a, b, c differentiable functions of x, t Z and derivatives of Z with respect to x and t. 


It follows that, using the total derivative operators D, and D, the two Codazzi equations 
(1.1.10) and the Gauss equation (1.1.9) have the form 


fuDea + fa De — foDça — faaD,b — 2b (fu fao — fais) 
+(a—c) (fafa — fafoo) =0, 


1:3:2 
fu De + faaDec — fioDsb— fooDec+(a—c) (funfa — fa fia) | | 
+2b (farf32 — farfoo) =0, 

and 
ac-f=-1, (1.3.3) 


respectively. 


In view of Bonnet theorem, the local isometric immersion of the pseudospherical 
surfaces described by the space of solutions of a PS equation exist if and only if there exist 
a solution (a, b, c) of (1.3.2-1.3.3). In this thesis we will restrict the problem of determining 
such a triple (a, b, cy in the case of PS equations described by Theorem 2.2.1, and also 
Theorem 1.2.2, under the assumption that the triple (a, b, c) is of finite-order, i.e., depends 
only on x, t, Z and finitely many derivatives of z with respect to x and t. We will refer to local 
isometric immersions described by such a finite-order triple (a, b, c), as finite-order local 


isometric immersions. 


SYMMETRIES OF DIERENTIAL EQUATIONS 


Let rm: E > Mbe a fiber bundle, with dm M =n and dim E=n+m.Forany ke N 
we denote by J“(r) the manifold of k-th order jets of sections of rrand by n, : J(m) > Mthe 
k-order jet bundle of sections of m. By definition, a point 6 of J“(m) is an equivalence class 
6 = [s]É of smooth sections s of whose graphs at a E M pass through the same point s(a), 
where they have the same contact up to order k. Hence, any section s of m together with 
its derivatives up to order k determines a section j(s) of rt, which is called the k-th order 
prolongation of s. For h > k we denote by 7h,» : Jº(x) — J*(7) the natural projection of 
J'(m) onto J(n), given by [s]! — [s]t. 


Denoting by (x, ... x )local coordinates on M and by (Z', ..., Z7 local fiber coordinates 
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of 1, the induced natural coordinates on J(m) will be EA 22), where ie (7,..., mn, jeíi, 


«o, myand o =(o + 6,) is a multi-index of order lol = 0 +...+o, such that O < lol <= k. 


poe 


By definition, if O — [s]k, then x, (6) := x, (a) and 22(0) := geitoaage (a). Throughout the 


thesis, C“(M) will denote the algebra of smooth functions on M and F,(m) will denote the 


algebra of smooth functions on J(m). 


The k-th order jet space J“(n) is naturally equipped with the Cartan distribution C“(n), 
which is spanned by tangent planes to graphs of k-th order jet prolongations of sections 
of rt In coordinates C*(m) can be described either as the annihilator of the Pfaffian system 
toi=di-Diduado: 0O<|o|<k-1, j=1,..,m) o as the distribution 
generated by the vector fields Vs DE O<|o|<k-1,j=1,....m), with DE 


denoting the k-th order truncated total derivative operators, i.e., 


A kth order system of differential equations E, for the sections of 1, can be 
geometrically interpreted as a submanifold € c J“(m) and its solutions are just sections s of 
m whose k-th prolongations j(s) lie in €. Hence, solutions of E are sections of riwhose k-th 
prolongations are integral manifolds of the induced Cartan distribution CM(€) := CX) NTE 


over €. 


Classical finite symmetries of a k-th order system E c J(n) are finite symmetries 
of C“(m) which leave invariant the submanifold E. Classical infinitesimal symmetries of E 
are vector fields on J(m) which are infinitesimal symmetries of C“(m) and are tangent to 
€. Hence, by definition, the flow of an infinitesimal symmetry of € is a 1-parameter local 
group of local diffeomorphisms which are finite symmetries of €. A finite symmetry f is 
called projectable if f *(C“(M)) c C“((M). Analogously, an infinitesimal symmetry X is called 
projectable if X(C(M)) c C(M). 


The explicit description of innitesimal symmetries of C&m) is particularly simple. 
k RT [5 Rida 
Indeed, if one writes DEP = (DÍ ) 0...o (Dt j , one can show that [44, 63]: 


1. When ma= 1, infinitesimal symmetries of C“(m) are of the form 


n k—1 
-(k dy 
YP=-3> de DE +53 DM(p)o... (1.4.1) 
i=1 0 lo|=0 


where q € F(n). 


2. When m> 1, infinitesimal symmetries of C*(m) are of the form 
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EO E Boone qua 


i lo|=0 j=1 


where a is any fixed integer in (1, ...., mb and q = (qp',..., Pp”) is any smooth vector function 


3 


on J'(m) such that for any j E 41, .... m one has A = E (x, 2 2 +m(x,2), tor 


some smooth functions g' and 1. 


The function q is called the generating function of the k-th order classical symmetry 
Yo, since the symmetry is completely determined by q. 

On the other hand, for any h > k, the symmetries Y» and pd generated by q 
project one to the other under the pe of the pushforward m,,. Hence it is natural to 
say that YE is the prolongation of vd to J(m). In era any classical infinitesimal 
symmetry of C%(m) is the prolongation of a first order symmetry. However, when m > 1 the 


2) 's, hence Yo (ko) 


generating function q = (q',..., q”) is always linear in the variables Z 
always projects to the vector field vo = €0,1 + 70d, on a). In such a case 
one may call Yo the prolongation to J(m) of the vector field YO on Jr). Traditionally, 
classical infinitesimal symmetries which are prolongations of vector fields on J(m) are called 
infinitesimal point symmetries. On the contrary, infinitesimal classical symmetries which are 
not point symmetries are traditionally called infinitesimal contact symmetries. Infinitesimal 
contact symmetries only exist when m = 1, since for m = dim m> 1 one only has infinitesimal 


point symmetries. 


In practice, computing infinitesimal classical symmetries € c J(m) consists in the 
search of generating functions q such that YO are tangent to €. This tangency condition 
returns a linear system of PDESs for the function q, which is usually overdeter- mined and 
hence can be algorithmically studied by taking into consideration the full set of compatibility 
conditions. The analysis of this kind of system is in general more feasible if one makes use 


of symbolic packages like those available in Maple. 


The infinite jet space J(n) is the inverse limit of the sequence of surjections 
M + Jr) E2 CRE! (a) CE. By definition, any 6 E Jr(r) is a sequence 
6=t(0) of points 6,€ J(m such that 1, (0,) = 0, for all h> k. Of course J“(7) is not a finite 
dimensional manifold, nevertheless one may introduce a differential calculus on J“(n) by 
making use of standard constructions of differential calculus over commutative algebras 
[63]. Indeed, by defining the exterior algebra A*(n) of differential forms on J(m) as the direct 
limit of the sequences of embeddings A* (J*(m)) = Teria po (JE (m)) “ea one also 


defines the commutative algebra of smooth functions on J(m) as F(mM) := Am. Since A* 
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(J(MD) CA (JM) C ..., A(m) is a filtered algebra and one may think of any h-form over 
J(n) as an h-form on some finite order jet space; this is true in particular for 7(n7). It follows 
that the exterior differential d naturally extends to the exterior algebra A*(n) and defines the 


de Rham complex of J*(r7). 


Then, the F(m)-module D(n) of vector fields on J(m) is by definition the module 
of all derivations of F(m) which preserve the natural filtration F (mM) c Fm c... of F(m), 
Le. any Ze D(m) has an associated filtration degree | E N such that AF (mM) E F, AM), 
Vk E N. Hence, in coordinates, a vector field Z can be identified with a formal series 
Z = 3 a;d, + 3 040.5 with a;, 0) E F(m). Itfollows that vector fields on J”(m), contrary 
to the finite dimensional case, do not have in general an associated flow. However, any Z 
with zero filtration degree is the inverse limit of an inverse sequence (Zº) of vector fields 
on finite order jet spaces, hence one may define the flow of Z as being the inverse limit of 
a sequence of flows on finite order jet spaces. Moreover, one can define Lie derivative of 
functions, vector fields or forms on J“(n1) in a completely algebraic way. For instance, the Lie 
derivative of a function G e F(m) along a vector field Z e D(m) is L(G) := Z(G), and the Lie 
derivative of Ye D(m) along Zis |, := [Z, Y]. Whereas, the Lie derivative of a form w e A“(m) 
along Zis defined as Lw := i(dw) + d(i;w), where i, denotes the inner product operation i, 
MAM > NM. 

Also J“(n7) is naturally equipped with a Cartan distribution denoted by C(m) and defined 
as the inverse limit of the sequence of surjections C!(7) isa C2(m) ur 
Ck(m) "Er 


Pfaffian system (0; = dj -D, dude: |0|>0, j=1,..,m), or as the distribution 


... - n coordinates C(m) can be described either as the annihilator of the 


generated by the totality of vector fields EA Di: |0|>0,7=1,....m), where 


Di =0,+3 dd 


lel>0 j=1 
denote the total derivative operators. 


Given a k-th order equation (or system) E = (F = 0) c J(m), under regularity conditions 
one may consider the r-th order prolongation E” = (D,F = 0:0<Iyl < 1. Equation £€ will be 
called formally integrable if, and only if, £” are submanifolds of J“(m) and the maps 7, .., x, 
: EM) > El) are smooth fiber bundles, for any r > 0. 

By definition the infinite prolongation E = 1D,F =0:0=<lIyl<0)ofa formally 
integrable equation £ is the inverse limit of the sequence of fiber bundles 1, ,., ,,: EM” > ED. 


By restricting A“(m) to E” one gets the exterior algebra A“(£) of differential forms on E” and 


in particular the algebra F(€) of smooth functions on E”. Moreover, since any prolongation 
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€(r) is naturally equipped with an induced Cartan distribution Cr (E), also E” is naturally 
equipped with an induced Cartan distribution denoted by C(€) and defined as the inverse 
limit of the sequence of surjections C*(£) “E ck+ (g()) FEM Hence one may 
further extend the notion of symmetry for a system €: a vector field Ze D(m) is a symmetry 
of E if, and only if, Zis a symmetry of C(m) which is tangent to E£”. These symmetries are 
called generalized symmetries of £, and we will refer to the restriction Z of a generalized 


symmetry Zto £ as a restricted generalized symmetry. 


Among the generalized symmetries of € one has the classical generalized symme- 
tries, which by definition are infinite prolongations of classical symmetries of &: recall that, 


given a classical symmetry Y, of Cn), its infinite prolongation A is 


In this thesis we are mainly concerned with classical generalized symmetries, since 
these are the only generalized symmetries which always admit a flow. For further details on 


the theory of generalized symmetries see [44, 63]. 


HORIZONTAL FORMS WITH VALUES IN A LIE ALGEBRA AND ZCRS 


Since C(nm) is totally horizontal with respect to the mapping rm, : J(M) > M, the 
tangent bundle T(m) on J*(m) decomposes as T(m) = V(mM) O C(m), where V(mM) := Ker(m).. 
Dually one has Alm) = ALO (7) & AOD(m), where ALM(7) :— Ann (V(7)) and 
AOD(m) :— Ann (C(7)) are the F(n)-modules of horizontal and vertical 1-forms on Jº(n) 
locally generated by (dx) and the Cartan forms (4) ), respectively. More in general, by 
considering APD(r) = (A? AÉO(m)) A (AS A(O: (m)), the F(m-module of r-forms on 
J(n) decomposes as A” (7) = + a A(P:9) (m).. By definition we set F(m) = AC. 
Accordingly, the exterior differential splits into the sum d =d, + d, of the horizontal and vertical 
differentials dH : AC9(M) > AP*a(n) and d, : ACM) > APs(n, satistying dg = &; =0 
and dy o dy = —dy o dg. In coordinates, horizontal and vertical differentials can be easily 
computed, since they act as graded derivations on A“(m) and for any function f e F(m) they 
are such that dy f :— Di(f)dx', dy f — patio: 

Analogously, given a formally integrable equation €, since C(€) is totally horizontal 
with respect to the mapping Toc : E() — M, the tangent bundie T(£) on E decomposes 
as T(€) = V(€) E c(€), where V(E) := Ker (Too») is the vertical bundle on £'”. Hence the 
F(£)-modules AC-(£) and A(-(£) of horizontal and vertical 1-forms on £”, locally generated 
by (dx) and the restricted Cartan forms foi = 63 leo k can be used to decompose the F(€)- 
module of r-forms on £(º0) as A” (E) = ED sa Ata) (£). By definition we set F(£) = ACE). 
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Accordingly, the restriction d :— dle(s Splits into the sum d= du+dy of the horizontal 
and vertical differentials dy : APD(E) > APHHM(E) and dy : APD(E) > APHD(E) 
, which satisty dg = dz = 0 and dy o dy = —dy o dy. In coordinates, d, and d, can 
be easily computed, since they act as graded derivations on A*(€) and for any function fe 
F(£) they are such that dy f :— Di(f)dx', dy f :— 208, with D, denoting the total 
derivatives restricted to €”. For ease of notation, we will denote AP-9(m) and AP(E) by A”(n) 
and A”(£E), respectively. 

Given a Lie sub-algebra g of gl(n, R) (or gl(n, C)), one may consider the exterior 
algebras g & Am) and g & A*(€) of g-valued forms on J(m) and E”, respectively. The 
graded algebra of g-valued horizontal forms on J“(n) and E”, will be denoted by g Q A” 
(M=D,98 Am) and g Q A* (8) = D,99 A” (€), respectively. By definition, g-valued 
horizontal p-forms on J“(n) (resp., €”) are generated by g-valued p-forms Aw, with A 
g-valued functions on J“(m) (resp., E”). Then, one may define a skew-symmetric product [, 
] by linearly extending the product [A w, A,jw]:=[A, A]w,A w, between generators. One 


can check that [, ] satisfies the following properties: 


[9,0] = —(=1Y'S[0, p], (1.5.1) 
(—D"[p, [0,7]] + (=) [o, [7. p]] + (—1)'s[r,[p.0]] = 0, (1.5.2) 
dulp.0] = [dwp,0] + (—1)"[p, dgo). (1.5.3) 
dulp,0] = [dgp,0] + (—1)'[p, dyo), (1.5.4) 


where r, s and tare the degrees of the g-valued horizontal forms p, o and 7, respectively, 
on J(m) or EM? 

Analogously, one may define an exterior product Aong GA (nM,org O A (8), by 
linearly extending the product A w,A AZw,=A Aw,A wWp, 

In the forthcoming sections, for any pair of natural numbers (a, b), the natural 
projections A* (1) > A“(n) and g QB A (1) > 9 Q AC? (Mm) will be both denoted by n2:2. 
Analogously, the projections A* (€) > A“? (€) and g G A (E) > g O AC? (E) will be both 
denoted by nº”. Moreover. when an explicit reference to equation £ is necessary, instead of 


b) 


E = —-ta, — 
n2º) and d,, we willuse as and d,.- 
We will use the following 


Definition 1.5.1. Let € be a formally integrable equation. A g-valued zero-curvature 


representation ZCR) of £ is a non-vanishing 1-form « E g Q A! (£) such that 
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dga — > las al = 0. (1.5.5) 


4 


A 1-parameter family of g-valued ZCRs of £ is a smooth map À +» a, defined on an 


open interval /c R, suchthata, Eg & A! (€) is a g-valued ZCRs of Efor any À E [. 


Remark 1.5.2. We notice that (1.5.5) is written sometimes in the literature in the 
following equivalent form d,, a«a-«na=o0 We also notice that, since E” c J(m), any 
element of g Q Af(£) can be identified with an element of g & A'(n). Hence (1.5.5) can 
also be rewritten as dya — 5 [, a] = O mod El). In particular, when £ =4F'=0,j 
= 1,..., h), under regularity assumptions (i.e., if any prolongation E”, h > 0, is totally non- 
degenerating [44]) (1.5.5) can also be rewritten in “characteristic” form dga — 3 lo, a] = 
BD DF us, where 0d € g & A2(7). This shows that in general (1.5.5) may involve 
differential consequences of E and, in such a case, (1.5.5) is not equivalentto (F = 0, j=1, 


sh. 


GAUGE TRANSFORMATIONS, HORIZONTAL GAUGE COM- PLEX AND 
REMOVABILITY OF A PARAMETER FROM A ZCR 

Let g be the Lie algebra of a matrix Lie group G, and « be a g-valued ZCR of a 
formally integrable equation €. As already observed in the particular case g = sI(2, R) of 
Section 1.2, one can check that also in general the 1-form aé := dns <S 4 Sus 8 
is another g-valued ZCR of E, for any given G-valued smooth function S on E”. Hence a 
transformation « » cs will be still referred to as a gauge transformation, and a will be called 
gauge equivalent to a. Itis easy to check that (as) 2 = qa tor any pair of G-valued 


smooth functions S,, S, on E. 


Of course, given a g-valued ZCR «a, one may always embed a into a 1-parameter 


family of g-valued ZCRs 0) := aMh 


» with M, any G-valued smooth function on | x E), 
However, in such a case, a = (an) = (0) and the parameter A can always 
be removed by means of a gauge transformation. Also, since for any À, E I one has that 
Gy = (0) (MoM5'), one may adopt the following. 

Definition 1.6.1. Leth ela, b[c R and «, be a 1-parameter family of g-valued ZCRs 
of € The parameter À is removable from «, if for any o b[ there exists a G-valued 
smooth function S, such that S,, = I (identity) and 0x, = 04? . When À is notremovable, a, 


is called a nontrivial 1-parameter family of g-valued ZCRs of £. We will also use the following 


Definition 1.6.2. Two 1-parameter families q, and B, of g-valued ZCRs of E are 
called equivalent if there exists some reparametrization À = f (n), f(n) + O, such that «,, is 


gauge equivalent to By 


In the paper [38], Marvan proved that the obstruction to removability of À from a 
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1-parameter family of g-valued ZCR a, is the first cohomology group Hi (£.g) of the 


horizontal gauge complex : 


osgol(e) 2 go Ale) go MR)... > g9Ã"(8) 0 
where da = dyw — [a, w). 


Indeed, in view of (1.5.5), the horizontal gauge differential da is such that 02 =0 


and one has the following 


Theorem 1.6.3. (Marvan) If a, is a 1-parameter family of g-valued ZCRs for €, with 
A E Ja, bl, then à := EAD is a 1-cocycle with respect to is 2:€ EM (à) = 0. In 
particular, the parameter À is removable if, and only if, there exists a solutionKeg Q 
Aº(E) of the equation 


à = da (K). (1.6.1) 


For, any solution K of (1.6.1) and A, eja, b[, the G-valued matrix S, such that 


Qdo = ap is the solution of the Cauchy problem 
B=KS, 

It is usually true that an integrable equation admits a g-valued ZCR, for some 
matrix Lie-algebra g. The cases when such a ZCR is embeddable into a 1-parameter 
family are considered the most important, since the presence of a parameter is crucial 
from many points of view. For instance, it is known [20, 56] that in the case of equations 
describing pseudospherical surfaces, the parameter may guarantee the existence of an 
infinite sequence of nontrivial (and possibly nonlocal) conservation laws, which is usually 
considered a remarkable attribute of integrable equations. Indeed, an equation (or system & 


of order kin two independent variables (x,, x,) is said to describe pseudospherical surfaces 


if there exists an sI(2, R)-valued form 


fa fu — fa for fo — fa 
B=5 dx +35 do, (1.6.2) 
futta —fa fo+ltao —fo 
with functions f, satisfying the non-degeneracy condition 


fulfoo — fofa £0, (1.6.3) 


and such that the zero-curvature condition dy 3 — 5[3./] = O mod ES) is equivalent to 
€. As a consequence, on any E describing pseudospherical surfaces, the following system 


for p= p(X, X,) 
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Pr =—fa + fusin(p) — farcos(p), 
Pay = — fo + frsin (p) — fascos (p), 


is compatible and the 1-form 
w=(—fa + fusin(p) — facos(p)) dry + (— faa + frsin (p) — fascos (p)) dxa 

represents a nonlocal conservation law for €. This entails, when fij are analytic functions of a 
parameter À, that w can be expanded in a power series w — E w;N', where w,are possibly 
nonlocal conservation laws for € However, this expansion guarantees the existence of an 
infinite sequence of nontrivial conservation laws only when À is not removable. Indeed, as 
observed in [38], when À is removable from (1.6.2), one could check that w — yu + dy(f)), 
with f, a function depending on À and y a 1-form independent of À (the explicit formulas for 
f, and y are too huge to be reported here). 

More in general, the importance of nontrivial 1-parameter families of ZCRs is also 
clear from the fact that the non-removability of the parameter is crucial for the application 
of some integration techniques, such as the inverse scattering method. For instance, as 
observed in [20], the applications given by Ablowitz et al. in [1] of the inverse scattering 
method concern equations which describe pseudospherical surfaces with a family of ZCRs 


depending on a parameter À such that 


] d 
fi=i, du = a =0. (1.6.4) 


In the paper [16] we used Theorem 1.6.3 to investigate the removability of a 


parameter À, from the ZCR (1.6.2) of an equation describing pseudospherical surfaces, 
when conditions (1.6.4) are satisfied. Interestingly we found that in the case of evolutive 


equations, (1.6.4) guarantees the non-removability of the parameter. 
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CAPÍTULO 2 
SECOND ORDER EVOLUTION PS EQUATIONS 


In this chapter we give a complete and explicit classification of second order evolution 
PS equations of the form z = A(x, t, Z)z, + B(x, t Z,Z,), with Zz=z(x, t) and Z; = E under 
the assumptions that fi = fi (x t Z,Z, Z,)) and f, = n. According to this classification, 
the considered PS equations are subdivided into three main classes (referred to as Types 
|-III) together with the corresponding system of 1-forms (w,, w,, w,. Some already known 
equations are found to belong to the considered class of PS equations, like Svinolupov- 
Sokolov equations admitting higher weakly nonlinear symmetries, Boltzmann equation and 
reaction-diffusion equations like Murray equation. Other explicit examples are presented, 
as well. 

The chapter is organized as follows. In Section 2.1, we give a preliminary char- 
acterization which naturally led us to distinguish between the generic and special cases 
fiz * 0 and f 


Theorem 2.2.1, which classifies the differential equations into Types I-Ill and we summa- 


nz & O, respectively. In Section 2.2 we state the main result of the chapter, 
rize the classification scheme followed in the subsequent sections. Moreover, we give some 
simple examples from the classes of equations described in the main theorem. Section 2.3 
is devoted to the complete analysis of the generic case f,,, + O, which will lead to identify 
the following types: Type | (a); Type | (b); Type II (a); Type III (a); and Type III (b). Section 


2.4 is devoted to the complete analysis of the special f. . = O, which will lead to identify 


11,2 


the following remaining types: Type II (b); Type III (c). Finally, in Section 2.5 we provide 


additional examples with the aim of illustrating further aspects of the given classification. 


A CHARACTERIZATION OF PS EQUATIONS OF THE FORM z, = A(x, t, Z)z, + B 
(2,2) 

Necessary and sufficient conditions for equation (1.2.8) to describe pseudospher- 
ical surfaces are given by the following 

Theorem 2.1.1. (See [53].) A differential equation of the form (1.2.8) is a PS equation 
with associated 1-forms w, = f,dx + f,dt, 1<i<3, depending on (x, t, Z, ..., Z,) if, and only 


if, there exist functions fij satisfying the following conditions 


fufas — fofa 70, (2.1.1) 
A=(fu)) +) + (faz) £0, (2.1.2) 
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and such that 


k—1 


fofa — foofa — fuzF + fora — fus + 5 fra =o, 
i=0 
k- 


fofa — fufao — fa zF + fora — fas + », foz =0, (2.1.4) 
= 
k- 


fofa — fufoo — fa zF + fara — fas + E Pazzi =). 


i=0 
In order to obtain classification results of PS equations of the form (1.2.8) one has to 
obtain F and the functions f, satisfying (2.1.1-2.1.4). 
As a consequence of Theorem 2.1.1, the following theorem gives a characterization 
of the PS equations of the form 
= A(z,t,2)0+B(z,t,2,2), AO. (2.1.5) 
Theorem 2.1.2. A differential equation of the form (2.1.5) is a PS equation with asso- 
ciated 1-forms w, = f,dx + fdt, 1<is3, depending on (x, t, Z, Z, Z,) if, and only if, the 
functions fij have the form 
fa = Jfa(z,t,2), E (2.1.6) 
fa=A(z,t,2) faz + bo (x,t,2), = 123 (2.1.7) 
and in addition satisfy non-degeneracy conditions (2.1.1-2.1.2) and the system 
(Afino) 24 + [bro + (Afro) a + Aff — fala) a 
+forbao — fardo — fuzB-— fausto =—o), 


(Afore) 227 + [boo + (Afro) a + A(fafa, — fazfu)] a 
+farvro — fila — fa B— fast bos =), 


(Afa1) 222 + [32,2 + (Afaro) «+ A(fafu — fazfu)]a 
+forbro — findo — far, :B — fas + bar —0, 


(2.1.8) 


where W,, i= 1,2, 3, are differentiable functions 

Proof. In view of Theorem 2.1.1, a differential equation of the form (2.1.5) is a PS 
equation with 1-forms w, depending on (x, t, Z, Z, Z,) if, and only if, the functions f, satisfy 
(2.1.1-2.1.4), with k = 2. Thus, equations (2.1.3) are equivalent to (2.1.6) and f,,= fx, t, Z, 


z),,=1,2,8. On the other hand, under the condition F=A,, + B, equations (2.1 4) rewrite as 
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(—-Afuz+ fon) +R=0, 
(—-Afaz + foxn)2o+Ro=0, (2.1.9) 
(—-Afai. + fox) + R3=0, 
with 
Ry = fra — Bfú + fafao — faafoo + fo — fus 
Ro = fo2,7 — Bfaa + fafio — fufas + foza — fores 
Ra = fax — Bfarz + fafio — fufoo + fara — far 
It follows that (2.1.9) is equivalent to the system formed by the equations R,=0,,= 
1,2,3, together with the following three equations 
—Afuz + fo =0, —Afoa + fon =0, —Afar + f32x = 0. (2.1.10) 
Then conditions (2.1.7) readily follows by integrating (2.1.10) with respectto f,,, fo 
and f,,, and by substituting (2.1.7) into the remaining three equations R,=0, i=1,2,3, one 
finally gets equations (2.1.8). 
In view of Theorem 2.1.2 one has the following 
Proposition 2.1.3. Consider a second order PS equation of the form (2.1.5) with 
associated 1-forms w, = f,dx + fdt, 1<sis3, depending on (x, t Z, Z, Z,). The function f,, 
satisfies the condition f ,,, + O if, and only if 


fa = mo(z, tule, É, 2) + ho(x, t), fa = ma(z, Due, E Z) + hs(x, É); (2.1.11) 


with m, m, and h,, h, differentiable functions. 


Proof. Ens * 0, the first equation of (2.1.8) gives 
B= A [Afi + A-fu] = 
Ri [A (fa far: + fia: — fafor) + Via + Asfino] (2.1.12) 


+ [fora + Viza — fire — fartos) 


Then, by substituting (2.1.12) into the remaining two equations of (2.1.8), one gets 
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Alfa: — fazfico] + fuaio, — fardos + Aff 
—foa-fofa E Pazfitr Ná fucfufa, + ht E fu, fo1,ez)] 4 
+yro fat. — fados — finbafiui.— fasfis + Voafiro 


+for= faro — for forbao + fa cfus=0, 


(2.1.13) 
Alfiuf31,22 — fare fizo) 2 + [fuebao, — farebro, + Alfafoa far 


—fafãio — farelo: — funzfufo, + fifa + fief3ta:)] 2] 
+ fat: — fados — fubofiz— fai +Vaoafus 


+f31z f31/02 — far, fora + fare fus =0. 


Therefore, in view of the independence of f,,, fo 15 By Poa Pop ON Z,, by deriving 


(2.1.13) twice with respect'to Z,, it is easily seen that 


for ars 
|) =0, - =0, 
(=) ' (5=). 


and (2.1.11) readily follow by an integration of the last two equations. 


Conversely, if (2.1.11) holds, then non-degeneracy condition (2.1.2) entails that 
(1 +m3 + m3) fi, % O and consequentiy that f,,, + O. 

On the other hand, by solving the third equation of (2.1.8) with respect to B and 
substituting in the remaining two equations, when f,,, + O the following analogue of 


Proposition 2.1.3 can be readily proved. 


Proposition 2.1.4. Consider a second order PS equation of the form (2.1.5) with 
associated 1-forms w, = f,dx + fdt, 1si<s3, depending on (x, t Z,Z, Z,). The function f,, 


satisfies the condition f ,,, O if, and only if 
fu = malz, fale, t,2) + he. t), fa =ma(ex, )fa(et,.2)+ho(x,t), (21.14) 
with m, m, and h,, h, differentiable functions. 


Solving equations (2.1.8) in general is very complicated, however as proved in 
Sections 2.3 and 2.4 they can be explicitly solved under the assumption f,, =n. To this end, 


by taking advantage of the suitable form taken by f.., in view of Proposition 2.1.3, we will 


31º 
distinguish between the following two cases: 


Il. Generic case f,,, + 0, where 


fa=mfu+h, (2.1.15) 


in view of Proposition 2.1.3; 
Il. Specialcasef, =0. 


11,z 


The generic case will be treated in Section 2.3, whereas the special case will be 
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treated in Section 2.4. 


MAIN THEOREM AND SIMPLE EXAMPLES 


In this section we present our main classification result, which is Theorem 2.2.1, and 


illustrate some of its concrete applications by means of simple examples. 

According to Theorem 2.2.1, a given second order differential equation of the form 
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) and 
satisfying 


fa =, neR, (2.21) 


if it belongs to one of Types |-IIl classified by theorem. Once a given equation 
is recog- nized to belong to one of these types, Theorem 2.2.1 explicitly gives also the 
associated functions LR It is noteworthy to observe the possibility to have, in some cases, 
multiple linear problems for the same given equation, which is an interesting feature of the 
given classification since it may provide pairs of non gauge-equivalent linear problems (see 


for instance Example 2.5.6). 
The proof of Theorem 2.2.1 is based on the results of the subsequent Sections 
2.3 and 2.4, which are graphically illustrated in the diagrams below where the branches 
occurring in the generic case f,,, + O have been distinguished by means of the following 
functions of m and h (see (2.1.15)): 
a=mhê+h(ôr-— mo) — dh, 
B=h(m-N)+8, 


d=me+n(1—-m2), 
G=a+bBfu. 
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= ye it) 
FATE Type o) 


According to the diagrams, the analysis of generic case in Section 2.3 leads to 
equations of Types I-IIl, with linear problems (a) and (b) for Type |, linear problem (a) for 
Type Il and linear problems (a) and (b) for Type Ill. Whereas by analyzing the special case 


fi =, one gets linear problems (b) and (c) for Type Il and Ill, respectively. 

Theorem 2.2.1. A PS equation 

x=A(z,t,2)0+B(x,t,2,2), AO, 

with associated 1-forms w, = f, dx + f dt, 1<i<3, depending on (x, t, Z, Z,, Z,) and satisfying 
f» =, belongs to one of the following types, where O and G are as in (2.2.2). 

Type | 

= = lp + pri+H(patv)a+va- fi, (2.2.3) 

wherep =p (xtz),yp=y(xtz),f=f(x,t Z) are arbitrary differentiable functions, with 


pf, + O on a nonempty open set, and the following two alternatives occur with g = g(t) an 


arbitrary differentiable function such that nº + (9)? + O: 


a. the functions f pare 


fu = ento) f, fo = e (WA (pa +), 
fa =, fo=g, (2.2.4) 
fa =efu, fa2 = fp, 


with € = <1; 
b. the functions f y are 
fu = cosh(nz + 9)f, fiz = cosh(nx + 9) (pa + 1), 
fa =n. fo=g, parda) 
fa=-tanh(ne+g)fn. fa =-—tanh(nae +9g) fio. 


Typell 


% = e169 f220 + 6169 f om 22 1 + £ Rai Sis ae + 6169] 4 + em) z (2.2.6) 


+ (4 + nmyb + aenfgo)— de t+ das de aí [ Podz, 


wheree, e,==1,9g=g9(x )andf =f(x,t, z) are arbitrary differentiable functions with (o) 
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* O on a nonempty open set, and the following two alternatives occur: 


a. €e,=71 andthe functions f pare 


jn=o fo = -cagfza +, 
fa =n, fo=a J 9ºôde, (2.2:7) 
fa=, fo=m(-agfza +v)+eafgo. 

f 


with 
v=—eigfa + af (mmgô — gôz — 940) (2.2.8) 
tes [ams + (1 —m?) J gºóda], o 


and m = m(x, t) is an arbitrary differentiable function such thatô =m 4n (1 -m?)+ 0 on a 
nonempty open set; 


b. e,=-1,m=0 (hence O =n) and the functions f pare 


fu =0, fo = —angf, 
fa=n, fo=a J ng'dz, (2.2.9) 
fa =, fa = agfza +Y, 
with 
2 
| 9Jgídr aa 
V=eagfateafgs+ tia (2.2.10) 
Type III 
“= —en fêz — cafe zj + e Fe (E mm) dis + - + cof F4] 
+ o + eonô h2 mhf — e» As 
| (2.211) 


2 
h, h, (1 ga [ fó-h, a 9, 
+e9 (52) —o=E mm E + e ( = an) - eo Fo 


T hz mr À 
+ (qa + mag) + e sr = mM de 


where €,=1, f =f (x, t, Z) is an arbitrary differentiable function with f , + O on a nonempty 
open set, and the following three alternatives occur: 


a. e,=1,m=m(x, t)andg=g(x, t, z) are arbitrary differentiable functions such that 


-1<m<1,0g,+ O on a nonempty open set and the functions f, are 
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fu =f, fo=-g.n-g.—-9E+Ereafovi-m, 
fa=n, fo=gh, (2.2.12) 
fa=mf+nh, fa =mfs+aghvl-m+aq, 


with h and q such that 


h= >, a=ai, 
vi —-m? (2.2.13) 
= 586 


b e=1,m=m(x?,qg=a(x, ?) and h = h(x, t) are arbitrary differentiable functions 
such that hB + O on a nonempty open set and the functions f y are 


fu = f, fo=-gn+É-go-— Ses, 
fa =, foo = 9h, (2.2.14) 
fa=mf+h, fa =mfio+oóg+a, 
with 
g= —. [h (qa — h+— ma) + (gô — myh) f] ; (2.2.15) 
c. €,=-1,m=0(henceô=n),h=h(x,t),q=a(x, t) are arbitrary differentiable 
functions and the functions f pare 
fu=h, fia=q-n9, 
fa =n, foo = gh, (2.2.16) 
hz 
fa =f fo=g.n+(g-n9)i+ga+ GE, 
with 
— — Ihl(g,e—he)+naf] 9917 
g=- nho QERA) f ; (2:2:17) 


Here are some examples of equations described by the classification given in this 


chapter. Further examples will be found in Section 2.5. 
Example 2.2.2. Burgers equation 
%= +24, 


is a particular instance of Type I (a), forf = 2. py = 1,1) - Hence, by using Theorem 


2.2.1, one gets that the associated 1-forms w, = f, dx + f,,dt are given by the functions 
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fu = etturtoz, fig = ettnz+9) (2x + 5) , 
fa =, fo=g, 
fa = certa, fao = comenta) (2 + 5) » 
where g = 9 (t)is an arbitrary differentiable function, e = +1 and nº + (9)2 + 0. 
Example 2.2.3. Potential Burgers equation 
Z = 29 + %, 


is a particular instance of Type I (b), for f = p = e and y = 0. Hence, by using Theorem 


2.2.1, one gets that the associated 1-forms w, = f, dx + f. dt are given by the functions 


fu =cosh(nz+g)e, fio = cosh(nr+g)ea, 
fa =, fo=g, 
fa =—sinh(nz + g)e, fa2 = —sinh (nz + g)ea, 


where g = g (t) is an arbitrary differentiable function and nº? + (9)2 + 0. 
Example 2.2.4. Equation 

2 = 2,3 

a=20m+1247—-2z—n 2, 


is a particular instance of Type Il (a), fora =1,m =p €]-1,1[,f=zandg= A 


Hence, by using Theorem 2.2.1, one gets that the associated 1-forms w, = f, dx + f,dtare 


given by the functions 


== 1 E | unz E 
fu ER fo Via a Via E Voe 
fa =n, fo =n2, 

= u = ua nz uz 
fa VS fa Vinã + VAnã + VA 


m 2% 1 
4= 32" S +ig+z—s, 
is a particular instance of Type Ill (b), for m=peJ1AlLh=vM(7+D)(1-p?), 


f = Aa — 2 and q = EEE Hence, by using Theorem 2.2.1, one gets that the 
associated 1-forms w, = f, dx + f ,dt are given by the functions 
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f = + u 1+m2 f gi 4 un ae ur Am? 
ii 1-u?2 1—-u2 aa 21-p2 zy1-u2 ' V1-u2 V1-u2 , 
V1+n2 
fa=mn fo=n2+—, 
f am uz Ra RV, e f o uz No n E uzz + TN 1+m2 
di 1-u2 1-u2 ne 21-u? 2v1 2 vi 2 vi u2 . 


ANALYSIS OF THE GENERIC CASE f,,, + O 


The following theorem gives a characterization of PS equations of the form (2.1.5) 


with associated 1-forms (1.2.2) satisfying f,, = n and f,,, * O. 


Theorem 2.3.1. A differential equation of the form (2.1.5) is a PS equation with asso- 
ciated 1-forms (1.2.2) depending on (x, t, z, z, Z,) with f,,=n and f,,, + O if, and only if, B 
has the form 


B=dA+d + ds, (2.3.1) 


where 


Pd = ET [Afiizz + Azfu,] , 
do = 2 [Afia: + Asfu +0mAfos + Via), (2.3.2) 


1,z 
1 


Os = [b12,2 + migo — mf foo — hfoo — fu, 


Ea 


11,z 
with f = fa (X, t, 2), f ,o = 22 (X, t, Z) and remaining f satisfy the non-degeneracy conditions 
(2.1.1-2.1.2) and have the form 


fa=mfu+h, fio = Afuza +, fo =mAfi.a + va, (2.3.3) 
withm=m(xgt, h=h(),Wp,=U(Xt 2), Wo =Ws(X tb Z) differentiable functions 
satisfying the system 

foz+hAfu,=0, 
Pos + mfiuiio + ho — fria =0, 
vao,» — mio» + 0Afn =0, (2.3.4) 
[(m? = 1) fu + mh] fas + 320 — mibr 
—n (mao — bio) > mefu — h4=0, 
with O given by (2.2.2). 


Proof. The formulas (2.3.3) follow from (2.1.7) and second formula of (2.1.11). Hence, 
solving the first equation of (2.1.8) with respect to B, one gets (2.3.1) with Q,, P,, 4, given 


by (2.3.2). Thus, the remaining two equations of (2.1.8) reduce to 
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(for + hAfn2) 2 + faze + muto + hbro — fubao =0, 


bo 
(io) 
[eb 
ea 


[32,0 — mibr, +04 fu.) 2 + [(m? — 1) fu + mah] fa Re 
+bsaa — mibr, — n (ma — bra) — mafu — he = 0. 
Therefore in view of the independence of A, f,,, fa» f>»» P,p And ps, ON Z,, equations 
(2.3.4) follow from the derivation of (2.3.5) with respect to z,. 


The rest of this section is devoted to the characterization of PS equations of the form 
(2.1.5) under the assumption (2.2.1) and with f,,, é O. The analysis of this case naturally 
splits into tvo cases h = O and h + O. In Subsection 2.3.1, we consider the case h = 0, 


whereas in Subsection 2.3.2 we treat the case h % 0. 


Subcases with h = 0 

According to the diagram of Section 2.2, the analysis of the case (f,,, + 0, h=0) 
naturally splits into further subcases which finally lead to distinguish the following types of 
equations: Type I (a) with (O = 0, m= +1) Type | (b) with(0=0, m + +1) Type Il (a) with O 
O. In this subsection we aim at giving a detailed analysis of these three subcases. 

We start with the following auxiliary 

Lemma 2.3.2. A differential equation of the form (2.1.5) is a PS equation with 
associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f., =n and ff,,. + 0, h = Oif, 
and only if, B has the form (2.3.1) where 


d = A [Afirze = Azfu] : 
do = E [Afitaz + Artis +HymAfas + Wo). (2.3.6) 


Os = TI [12,0 + qmalro + n0Afu — mfufo — fui), 
with f, = fa (X t 2), fo = [oo (X, t) and remaining f, satisfy non-degeneracy conditions 
(2.1.1-2.1.2) and have the form 
fa=mfu, fiz = Afuza + vi, faa =mAfiuz2 + vao, (2.3.7) 
withm=M(Xt, Wo =Wo(Xt 2), Wi =W(X t, Z), differentiable functions satisfying the 
system 
va2 = mira + 0Afn, 
for — 044 =0, (2.8. 
(m2 — 1) fufas + duro + (04f1) + — (nmdA + me) fu =0. 


bo 
oo 
ps 


Proof. Under the given assumptions, formulas (2.3.3) entail that (2.3.7) hold. 
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Moreover, the first equation of (2.3.4) implies that f,, = f,o (x, t). Thus, by deriving the 
second equation of (2.3.4) with respect to z, one obtains 

fu, (mayo — 1/32) + fu (mayo, — 32,2) =0, (2.3.9) 
and (2.3.8) readily follows from (2.3.4) and (2.3.9), as well as (2.3.6) follows from (2.3.2) and 
first equation of (2.3.8). 


In the next two subsections we will solve (2.3.8) under the assumption that O = O, i.e., 


that m=m (x, t) satisfies the Riccati type equation 
Ma + (1 — m?) = 0. (2.3.10) 
Therefore we will distinguish the degenerate cases m = +1, from the general case 
where (2.3.10) has the solution m = -tanh (nx + g (t)). 
Type | (a) 
Using Lemma 2.3.2 one gets the following 


Theorem 2.3.3. In the case (f 


the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z,, 


a 0,h=0,0=0,m=+1), a differential equation of 


Z,) with f ,, = if, and only if, the differential equation has the form 


“= lpza+pai+(ba+tPa)a va fd, (2.3.11) 


wherep =p (x tz) wy=wy(xt 2z)andf=f(x,t z) are arbitrary functions, such that q f.*0 


on a nonempty open set, and the functions f are 


fu = etnsto) f, fiz = LEA (pa +), 
fa =, fo =9, (2.3.12) 
fa = efu, fa = ef, 


with € = +1 and g = g(t) arbitrary differentiable function such that nº + (9)? * O. 


Proof. Under the given assumptions, formulas (2.3.7-2.3.8) entail that f,, = ef, Va 


= ey, and f,, = f,» (9). Thus, in view of (2.3.1) and (2.3.6), (2.1.5) takes the form 
& — Azo + — (Afi) z & + (bro, + enAfu» + (Afi,) 2) 4 
di (2.3.13) 
+embra — efu foz + Vie — fu, 


and, by introducing the functions 
9= fim dt, f= +, p= Afs, |) = (Mto, 


equation (2.3.13) reduces to (2.3.11). Moreover, in view of (2.3.7), the functions f,are given 
by (2.3.12). 
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Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that nº + 


(9)? + O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.3.11) coincides with (2.2.3) and it is referred to as of Type | 


in our main classification result, Theorem 2.2.1. 


Remark 2.3.4. tis noteworthy to remark that equation (2.3.11) can be written in the 


form 
Di(f) = De (px +), 
and by means of the point transformation (x =x, t=t, Z=f(x, t, Z)y, it reduces to 
=D, (PDs(0) +) 
wherez=o(x,t Z)isinverseofz=f(xtz)andp=p(xto(xt7), y=W(xto(x, t 2). 
Type | (b) 
Using Lemma 2.3.2 one gets the following 


Theorem 2.3.5. In the case ff 


the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t Z, Z,, 


nz * 0,h=0,0=0,m/=+14 a differential equation of 


Z,) with f ,, = if, and only if, the differential equation has the form 
n=[po+tpeatb+pa)a bafo (2.3.14) 
where p =q (x tz), p=W(x,t z)andf=f (x,t, z) are arbitrary functions, such that pf, 
* O on a nonempty open set, and the functions fi are 
fu = cosh(nx + 9)f, fio = cosh(nxz + 9) (px + ro), 
fa =, fo=g, (2.3.15) 
fa =—tanh(nz +9) fu, fa =—tanh(nr + 9) fo. 
with g = g(t) arbitrary differentiable function and nº + (9), + O. 
Proof. Under the given assumptions, from (2.3.10) and (2.3.7-2.3.8) one gets 
foz = fo (t), fa=mfu, vao = mb, 


with m = -tanh (nx + g ()) and in addition f,, = 9', since f,,, + O. Thus, in view of (2.3.1) and 


(2.3.6), (2.1.5) takes the form 


= na (Afu,22o + (Afiio) 24 + [bro + (Afir) » — ntanh (nx + 9) Afu) a 


112 


+19, = tanh (na a 9) Wiz + tanh (nx + 9) fug - fu) 3 


which in its turn reduces to (2.3.14), by introducing the functions 
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f=fu/cosh(nr+g), p=Af. w=p/cosh(nr+g). 
Then, by taking into consideration (2.3.7), the functions f, reduce to (2.3.15). 


Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that nº + 


(9)? + O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.3.14) coincides with (2.2.3) and it is referred to as of Type 
| in our main classification result, Theorem 2.2.1. In particular Remark 2.3.4 still applies to 
equation (2.3.14). 


Type Il (a) 
Using Lemma 2.3.2 one gets the following 


Theorem 2.3.6. In the case (f,,, + 0;h=0;0 + 0), a dierential equation of the form 
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f,, 


=n if, and only if, the dierential equation has the form 


=aflzo+ea É fas 4 + Ê É (er tes se +eag a + em) z 


goi da nfgô) — fe ++ Bi se mi [ g%óde, 


(2.3.16) 


where €' = +1, 


y = —agfs + a (mmgô — 954 — 9x0) + as jom, ++ (1 — m 9 fotas| w (237) 


andg=g9(xtm=m(xt),f=f(x,t, Z) are arbitrary differentiable functions, such that gf E 


* O on a nonempty open set, and the functions f y are 


fu = 5 fo = agf. +Y, 
fa =, fo=aJ gd, (2.3.18) 
fa="P, fo=m(-agfza+v) +eafgo. 


Proof. Under the given assumptions, from the second equation of (2.3.8) one gets 4 
Pos 


fisô 
fi are such that 


fa=mfu, fo= io +, fa=m (afro Em HU 12) — — : 


. On the other hand, in view of (2.3.7) and the first equation of (2.3.8), the functions 


where f, =f, (X t 2), fo, = foo (X, D, f,, £ O On à nonempty open set, m=m (x, ?) and 


fuafoa dE um fao, fem 
fi fu fu 


| 1 
do =s [a —-m?) fufo + me fu + 
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in view of the third equation of (2.3.8). Thus, by (2.3.1) and (2.3.6), (2.1.5) takes the form 


. — fo, fode | fit,ez 2f1,2| 2 
“= 2 T's E a 


fit, fu 
x Es e o zz 2 z /12,z 
+ [io [(gmô — dr) foz x + fo2,240] + as E fa. | + as ) Fá] 


TR E = fus+m (mb — fu foa) + tina 
and one gets (2.3.16) and (2.3.17-2.3.18), after introducing the dierentiable functions w(x, É 
z), f (x, t, z) and g(x, t) such that 


= Ss 
fu 


fate = f 


w =, a 


with e = sgn (fz). 
Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that 9f , + 


O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.3.16) coincides with (2.2.6), where e, = 1 and  satisfies 


(2.2.8) and itis referred to as of Type Il in our main classification result, Theorem 2.2.1. 


Subcases with h = O 


When h * O, in view of the system (2.3.4), one is naturally lead to distinguish the 
cases G=0 and G+0, where G=ax+bBf, anda, 8 are given by (2.2.2). Hence, as 


illustrated in diagram of Section 2.2, the analysis of the case (f. . * 0, h + 0) naturally leads 


11,z 


to Type III (a) and Type III (b) equations, which correspond to G= 0 and G + 0, respectively. 


In this subsection we aim at giving a detailed analysis of these two subcases. 
We start with the following auxiliary 


Lemma 2.3.7. A differential equation of the form (2.1.5) is a PS equation with 


associated 1-forms (1.2.2) depending on (x, t Z, Z, Z,) with f,,=n, f,,,% 0 and hz O if, 


11,z 


and only if, f,, satisfy non-degeneracy conditions (2.1.1-2.1.2), equations (2.3.3) hold with 


A — fo 
A = hfiro? 
wi — fudgnô pala faz (2.3.19) 


vago =m (usgeê + uu fe) + Bi q, 


andm=m(xgq=q(xt, h=h(x 0, f,=fo(X tb 2), Ff, =fy(X t Z), moreover Bhas 
the form (2.3.1) with q, given by (2.3.2) and in addition the following differential equation is 


satisfied 


Gfo+h(gô- me) futh(qe—he—nmg)=0, (2.3.20) 
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where G=a+ Bf, and;a, B are given by (2.2.2). 

Proof. Under the given assumptions, equations (2.3.19) are equivalent to the first 
three equations of (2.3.4). Equation (2.3.20) readily follows from substituting (2.3.19) into 
the last equation of (2.3.4). 

Itis noteworthy to remark here that, if h = O, then the condition & = O implies that « 
= 0. Indeed, £ = O entails that A = «,6/v1 — m2, with e, = +1 and -1 <m<1.Then, using 
the obtained expression for h, one can easily check that 8, = 20a/h and hence that « = 0, 


because of 8,x= 0 and 070. 
Type III (a) 
Using Lemma 2.3.7 one gets the following 


Theorem 2.3.8. In the case (f,,, + 0,h+0, G=0), a differential equation of the form 
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f,, 


=n if, and only if, the differential equation has the form 


a EE JE 6h, 29,22 Ô é 
% fe 29 — q + [5 (! mm) ra + 24 2) a 


— 


2 
a [ethos +nô-h2-mhf — fagê + (2) — des — qm te] (2:3.21) 


» (fó-ho =” = afha , nata 
ee (Hiqia — qm) — Sp + nf; (da + rm) + fe — Gia + Perde, 


wheref =f(xt 2), g=g9(xt,2z)m=md(x,t)are arbitrary differentiable functions with Of, 


9. 0 on a nonempty open set, h and q are given by 


esó 
>. -lI<m<l, ag=a, 
vl—-m? (2.3.99) 


CC Mp EEE 
A v1I— m? 
and the functions f, have the form 
Ju = f, fo=-9:a-9.—-9E+Erafgvi-m, 
fa =n, fo = gh, (2.3.23) 
fa=mf+h, fa =mfs+aghvl-ml+q. 


= 


Proof. Under the given assumptions, one has that G = 0 entails that a = 0, B=0. 


Hence in view of (2.3.20) one has that 
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mhê + h(ô.—nmô) — dh, =0, 
hº(m? -1)+62=0, 

(2.3.24) 
qo—-mh=o0, 

Gr— he— nmq =0. 
Then by solving the second equation of (2.3.24) with respect to h one obtains that 
eró 

> tri, (2.3.25 
vi—-m? 


with m taking its values in the open interval ]-1, 1[. Thus, by substituting (2.3.25) into the 
third equation of (2.3.24) one concludes that 


= 


RS UU: 
vI— m? 
and the first and fourth equations of (2.3.24) are automatically satisfied. 


Now in view of (2.3.19), one gets 


= foz 
A= En” 
da= nd. fu foz tc efu foz» 


patio — doa, (2.3.26) 


f, evl— a 2,7 
vs =m ( Daio — = faa, ) +evl-mêfo + ES, 


and using (2.3.1-2.3.2), (2.1.5) takes the form 


, — O foz o foz 2 foz [ha+fuô mm 2fo2,0z 26 , q]. 
“e CC hjus * fia 1 fit, h2 h hfi, E h2 + h| 
foo |O otnmó)futficô , nô po. — Qhafinô afit,z 
Te hº + fi | + ia 


foz, ho +f ô ng— fi, =. 
ie (etfuê o) 4 tilis 4 fo (q, + ma) 


ao foz,xz — gfiuh 
hfii, firzh2" 


where f, =f, (xt Z) and f,, = f,, (X, t, Z) are arbitrary differentiable functions. Moreover 
one has that 


fa 


sê 
fo =i[-fosa+afu— fo + fUb2], 
fo =mfo+ ra, 


mf +h, 


and by introducing the differentiable functions f = f (x, t, Z), g = g(X, t, z) such that 


fu =Jf, foo = 9h, 
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one finally gets (2.3.21) and (2.3.293). 


Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that f.g, 


* O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.3.21) coincides with (2.2.11), where e, = 1 and h, m and q 
satisfy (2.2.13), and it is referred to as of Type Ill in our main classification result, Theorem 
2.2.1. 


Type HI (b) 
Using Lemma 2.3.7 one gets the following 


Theorem 2.3.9. Inthe case ff ,,,+ 0,h+0, G+ 0), a differential equation of the form 
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f,, 


=n if, and only if, the differential equation has the form 


, já REL 29, ss 
a = fem — tuto 4 [Se (Lote qm) - e 44] a 


2 
+ [Eetmptaias +nô — h2 - mhf fagê + (2) fez mt (2.3.27) 


= dh ps E e Ds =ft 
+8e (Lhe — qm) — See + 7 (qu + mg) + he — hs 4 te-lo, 
where 


q=— é [h (qa — he— umg) + (gô — mah) f). 


f=f(ixtz)m=m(xt),h=h(xt)andg=q (x, t) are arbitrary differentiable functions, 


with hf , + O on a nonempty open set, and the functions fij have the form 


fu =, fo =-g,n + É — ga — Ge 4 te, 
fa =, foo = gh, (2.3.28) 
fa=mf+h, faa =mfio + gô+q. 


Proof. Under the given assumption, by rewriting (2.3.20) as 


4 A ; 
foo = E: [h? (qr — he — qmg) + (ahô - mah?) fu] j 


and using the expression of A, y,, and y,, provided by (2.3.19) in the formulas (2.3.1- 2.3.2) 
and (2.1.7), one gets that (2.1.5) takes the form 
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” foz foozz 2 [fe (pino ne) 222,22 + dee + a| 4 


e hfuz 20 hfuz A fit, h2 h hfit,= 
E foz (d,+nmô) fit fin ad + nô Edo 2h,o fu1ô s is 
fu, h h E fito Er 
h ô (2.3.29) 
E) 2 —fu, 
LEE ( E me) + ada Mi ii (qa + ma) 
— fodas — qfiho 
hfir, furah?? 


where f,=f,(xt2,m=m(x, D,h=h(x, à), q=q(x, ?) are arbitrary differentiable functions 
and the remaining f,are such that 
fa=mfu+n, 
fo =il-fora+afu-— foz + difuso ] À (2.3.30) 
fa2 = mf + = +q. 


Finally (2.3.27) and (2.3.28) are easily obtained from (2.3.29) and (2.3.30) by 
introducing the new functions f and g such that 


fu=f,  fo=g9h. 
Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that fg, + 
O on a nonempty open set. 


The converse of the theorem is a straightforward computation. 


Observe that equation (2.3.27) coincides with (2.2.11), where e, = 1 and g satisfies 


(2.2.15), and it is referred to as of Type Ill in our main classification result, Theorem 2.2.1. 


ANALYSIS OF THE SPECIAL CASE fnz=0 

The following theorem gives a characterization of PS equations of the form (2.1.5) 
with associated 1-forms (1.2.2) satisfying (2.2.1) and f,,, =. 

Lemma 2.4.1. A differential equation of the form (2.1.5) is a PS equation with 
associated 1-forms (1.2.2) depending on (x, t, z, Z, Z,) with f ,,=n and f,,, = O if, and only 
if, B has the form 

B = dl + dar + ds, (2.4.1) 


where 


fon — EP [Afa1zz Sr A fa] : 


Lc E [A far ez EE Asrfar + 432,2] , (é E 


bo 
e 
bo 
— 


da = qro [Uso + nf — fufoo — fa), 


with fm =Í 4 (x, D), fa = fg (x, t, Z), fio = a (x, t, Z), fo =f. (x, t, Z), fo =Af Z1 + Va (x, 
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t, Z) differentiable functions such that 


fufo —-nfio £0, A=fa,%0, (2.4.3) 


and satisfying the system 


fio: +nAfa=0, 

fia — fu + mis — fafoo =0, 
fooz — Afufa, =0 

foo,» + faafio — fibag =. 


Proof. Equations (2.4.1) and (2.4.2) follow by solving the third equation of (2.1.8) with 


respect to B. On the other hand the remaining two equations of (2.1.8) reduce to 


(fo, + nAfa,:) à + figa — fue + mb — fafoo =0, 
(foo2 — Afufar) 21 + foz + fafio — fuso =0, 


and, in view of the independence of f,,, fa, fi» fo» Pap With respect'to z,, one readily gets 
equations (2.4.4). Finally, non-degeneracy conditions (2.4.3) are direct consequences of 
(2.1.1-2.1.2). 


The following two subsections are devoted to the classification of PS equations of 


the form (2.1.5) under the assumption (2.2.1) with f,, . =. This is a special case, where the 


11;2 
analysis noteworthy simplifies and one only finds the two further types of equations II (b) 


and III (c), as illustrated in diagram of Section 2.2. 
Type II (b) 
Using Lemma 2.4.1 one gets the following 


Theorem 2.4.2. In the case f,, = 0, a differential equation of the form (2.1.5) isa PS 
equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f.,, = if, and only 


if, the differential equation has the form 


2 & 3 
u=-afa-e r jo ” = é (er fz: + se + 6192) 4] 


Pp e fe fg. 
—E Va — amo) —- + 


(2.4.6) 


where e, = =1, 


g E gd 
f 


andg=9 (xt), f=f (xt, z) are arbitrary differentiable functions, such that gf , + O on a 


v=eagfateafga+Hea 


nonempty open set, and the functions f y have the form 
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fu =0, fio = —emgf, 
fa =. fo =a [ngdz, (: 


fa =, fo = agfza +. 


b2 
Em 
=] 


Proof. Under the given assumptions the system (2.4.4) reduces to 


fio: +nAfa=0, 

fiz + mbza — far foz = 0 
fo = fole), 

foor + fafio —0, 


whereas conditions (2.4.3) become nf... + O and f. . + O respectively. Thus, (2.4.8) provide 


12,x 31,2 
fiz fafoo — fio foo a 
A= =, Paa= "2" fiz =— : 
nfs,» 7 fa 
and hence f39 = (fps + f31f22 — fi2,4). Then in view of (2.4.1-2.4.2), (2.1.5) takes 
the form 
o 4 o ddd o o SUB 0 | 2Jiajna = 2 — fare—nfiz 
o nfa1,= 2 mfstz 1 nfat,z + fat, 


+ fe, zf31 + fatzfoo—fi2,zz l 
nfa1,2 nf31,z 


and by introducing the differentiable functions f = f (x, t, Z) and g = g(x, ?) such that 


9 foz 2 (de=) 
= «e = 9", e — sgn , 
E 1) 7 

and 


(24.7). 


fa = 


one finally gets (2.4.6) a 


Notice that, the functions fi; satisfy the non-degeneracy condition (2.1.1) in view of 


the fact that 9f, + O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.4.6) coincides with (2.2.6), where e, = -1,m = 0, 0=n 
and Wy satisfies (2.2.10) and it is referred to as of Type Il in our main classification result, 
Theorem 2.2.1. 


Type HI (c) 
Using Lemma 2.4.1 one gets the following 


Theorem 2.4.3. In the case (f,,, = O, f,, é 0), a differential equation of the form 
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x, t, Z, Z, Z,) with f,, 


=n if, and only if, the differential equation has the form 
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2 
Ea hz ha hz 
RE en q) h2 4 Dign (2) à e (2.4.9) 
92 [ fn-ha Ts fx gfa gfh ng=f, 
se ( E ) ++ E da dE a 


where 


gh) +naf] 
IS unha) 


andh=h (xt), q=q(xt),f=f (xt, z) are arbitrary differentiable functions, such that f , + 


0 on a nonempty open set, and the functions fij have the form 


fu=h, fo=q-—n9. 
fa =n, foz = gh, (2.4.10) 
fa=f fo=9:a+(q-—ng)f +ga+ He. 


Proof. Under the given assumptions, the first and the two last equations of (2.4.4) 


provide 


Fr" nfoo ds foo» Es foz,» + faafio 
ei E pf o . Rag O a, — 4 
u fufa, fu 


where q = q (x, ) is an arbitrary differentiable function. Then in view of Lemma 2.4.1 one 


(2.411) 


gets 


fo,» (a te) a, fa | Íaa 


Ja = Tu di f fa fu! 


and by substituting (2.4.11) into the second equation of (2.4.4) one gets 


na fu fa + (que — fire) Sh 
fa (2 + fi) — nf 


Hence, in view of (2.4.1-2.4.2), (2.1.5) takes the form 


fo = 


ER |: e 4 foz: 2 |1 (E — 2fozar) + ue], 2 
E fufar= 2 fufas fat, FA fu fi fã 


fa |2nfitefoo , qe o qgfitztnfo nfa1,z 
À lo | Hi + fu Ja | Ee [fu + a E EE tis 


+mq — fas E qfat,e+fod, vz fooefit; l 


nu fi 


Thus, by introducing the differentiable functions f = f (x, t Z) and g = g(x, t, Z) such 
that 


fu=h, fa = f. foo = 9h, 
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one gets (2.4.9) and (2.4.10). 


Notice that, the functions f; satisfy the non-degeneracy condition (2.1.1), since 
fufo — fafo =9(h2 +) — ma. 


is nonzero in view of the fact that g,, + O on a nonempty open set. 
The converse of the theorem is a straightforward computation. 


Observe that equation (2.4.9) coincides with (2.2.11), where e, = -1,m =0, 0=n 
and g satisfies (2.2.17), and it is referred to as of Type Ill in our main classification result, 
Theorem 2.2.1. 


ADDITIONAL EXAMPLES 
Here are some additional examples of equations obtained from the given classication. 


Example 2.5.1. Equations classied by Theorem 2.2.1 include the nonlinear second 
order evolution equations admitting "higher weakly nonlinear symmetries", which have been 
classied by Svinolupov and Sokolov [43] and up to contact transformations can be written 
in one of the following forms: 

u=2 +22 -+k(2), 


2 = 2229 — dem + As, 


— 
bo 
[das 
a 

= 


Z = 2a + Az, 
2 = 2229 — Ax2z + 3Àxz, 
with À E R and Kk(x) an arbitrary differentiable function. 
Indeed one can readily check what follows: 
|. | The first equation of (2.5.1) is an example of the Type | (a), as well as of Type 
[(b), with f=2, p=1,W=22+Jkdx. For instance, using formulas (2.3.12), 
one easily gets the corresponding 1-forms 
wj = emtinz+9) [2 de + (x + 22 + Ji k da) dt] ; 
wo =ndr+g' dt, 
Way — Eu, 
with g = g (t) an arbitrary differentiable function, e = +1 and nº + (9)? + O. It follows that this 
equation is the integrability condition of a triangular linear problem given by (1.2.6). 


The first equation of (2.5.1) is also an example of the Type Ill (a) with f =Z-—- p, g= 


-z-p,m=0,€, =-—1. Using formulas (2.3.23), one easily gets the corresponding 1-forms 
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n=(2-p)dit+(na+2+p—p?) dt, 
wo=ndz+n(z+p) dt, (2.5.2) 
ws=-—ndr— n(z+p) dt, 
where p = p (x) satisfies k = p" — 2pp'. 
|. The second equation of (2.5.1) is an example ofthe Type | (a), and Type | (b), 
with f=2!, q =-—1,y = -AxZz'. Using formulas (2.3.12), one easily gets the 
corresponding 1-forms 
w = e(nz+9) [-l dr + (—2 — Axz )) di, 
wa =ndr+g'dt, 
Wa — UM, 
with g = 9g (?) an arbitrary differentiable function, e = +1 and nº? + (9)? + O. It follows that this 
equation is the integrability condition of a triangular linear problem given by (1.2.6). 
Il. The third equation of (2.5.1) is an example of the Type I (a), and Type | (b), 


a 


with f=22!,9=-2,y=<:-— 4. Using formulas (2.3.12), one 


easily gets the corresponding 1-forms 
wj = e(nztg) [ur da + (22 +2— 2º) dt j 
wo =nder +g' dt, 
w3 = um, 


with g = g (t) an arbitrary differentiable function, e = +1 and nº + (9)? + O. Itfollows that this 
equation is the integrability condition of a triangular linear problem given by (1.2.6). 


IV. The fourth equation of (2.5.1) is an example of the Type I (a), and Type I (b), 


with f=2s2, p=-T,Y=2 de, Using formulas (2.3.12), one 
easily gets the corresponding 1-forms 


wj = ecnz+9) [ne dz + (=ma: +2z— de) di R 


wa =ndr+g' dt, 
Ww3 = €UM, 
with g = g (t) an arbitrary differentiable function, e = +1 and nº + (9)? + O. Itfollows that this 
equation is the integrability condition of a triangular linear problem given by (1.2.6). 
Similar results have been obtained by Reyes in [49]. 


Remark 2.5.2. It is noteworthy to note that for all the linear problems of previous 
example the parameter n is always removable. Indeed 1 is removable from the linear 


problems described by Theorems 2.3.3 and 2.3.5 by means of the gauge transformation 
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defined by 


s- et 0 
ESA 


In fact, under such a transformation, the 1-forms w,of Theorem 2.3.3 are transformed 
to 


wi =eS(fdr+ (pa +) dt), 


vw =q' dt, (2.5.3) 
w5 = ei, 


whereas the 1-forms w, of Theorem 2.3.5 are transformed to 


w? = cosh(g) (f dx + (px +) dt), 


us =g' dt, (2.5.4) 
ws = —tanh(g)wf. 


Notice that, despite the analogy between (2.5.3) and (2.5.4), it may be checked that 
the corresponding zero-curvature representations are not gauge equivalent. 


On the other hand one can easily check that by means of the gauge transformation 
defined by 


1 
5 VM 
ã= | * (2.5.5) 
1 
5 v7 


n is removable also from the linear problem given by (2.5.2). 


Example 2.5.3. Murray equation 
2 
% = 29 + Ajza + Aoz — Asz , 
is another example of Type | (a), and Type | (b), corresponding to the choice: 


f- EX [(0230+403)t+22, 32º] E = [(07h2+423 )t+224 Aa2] 


p=e 


1 


d= o RP [Oo +43) t+ ZA dao] (2 a 232) 


For instance, by using formulas (2.3.12), one easily gets the corresponding 1-forms 
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w1 


º eceneto) 7 (AP +20 aa] É de + (as % Ag dE de) dt : 
w =ndr+g' dt, 
W3 = EM, 
with g = 9g (?) an arbitrary differentiable function, e = +1 and nº? + (9)? + O. It follows that this 
equation is the integrability condition of a triangular linear problem given by (1.2.6). 
Example 2.5.4. Boltzman equation 
% = 229 + %, 
is another example of Type | (a), and Type | (b), corresponding to the choice: 
f=p=2 v=0, g=g(t). 
Using formulas (2.3.15), one easily gets the corresponding 1-forms 
wy = cosh(nar + 9) (zdz + za dt), 
wo =ndr+g'dt, 
ws = —sinh (nx + 9) (z dx + zz dt), 
with g =9g (t) an arbitrary differentiable function and nº + (9)? + O. It follows that this equation 
is the integrability condition of the linear problem given by (1.2.6). 
Example 2.5.5. The equation 
x = 229 + 42727) — 42º — 42, (2.5.6) 
is the “simplest” member, up to contact transformations, of the class of second order 


evolution equations described by Michal Marvan in [39]. Itis another example of Type II (a) 


corresponding to the choice 


a=1, m=0, =% gf=n=2; (2.5.7) 


w =2dr+ (—22 + =) dt, 
wo = 2 dx + 8x dt, (2.5.8) 
wa = 42 dt. 
One can check that in view of Theorem 6 of [39], (2.5.6) is up to contact transforma- 
tions the unique equation described by Theorem 2.2.1 which admits an irreducible zero- 
curvature representation. In particular, we notice that the irreducible zero-curvature 


representation obtained in [39] for (2.5.6) coincides with the one obtained from (1.2.6) and 


(2.5.8) by passing to new 1-forms w,» w, w,» w andw,» —w,, 
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Example 2.5.6. Burgers equation 
“= -+z a, (2.5.9) 
can be embedded in Type | (a-b) with f = Z, q = 1, p = Z/2, as well as in Type III (a) with f 


=2z/2,g=-zl2,m=0,€,=-1. In particular the linear problem corresponding to Type III (a) 
coincides with the one already given by Chern and Tenenblat in [20]. 


These two linear problems of (2.5.9) provide of an example of a pair of linear problems 
which are non gauge equivalent. Indeed only the second linear problem admits non gauge- 
like symmetries, as one can check by using the method discussed in Chapter 4. Hence, 
the two linear problems must be considered as being structurally different. In particular, as 
shown in Chapter 4, after removing the parameter n with the gauge transformation defined 
by (2.5.5), one can insert a non-removable parameter in the second linear problem by using 
the flow A, of the non gauge-like symmetry generated by td, — O... Indeed, in this way one 
get the following family of ZCRs of (2.5.9) 


ZA (2=A)2 | Az-d) 

4 4 0 à ts toa 0 
a = dx + a dt, 

E a “A z 2. (Co Mz-) 
2 47 4 4" 4 4 8 4 
which depends on a non-removable parameter À. 
Example 2.5.7. Equation 
a=129+2(12+1)y+ 2, (2.5.10) 
is another example of Type III (a) corresponding to the choice 
E g=-—2 m = 0, a=-1. 


with n + O. Hence equation (2.5.10) is the integrability condition of a linear depending on a 


parameter n. 


This parameter is removable by means of the gauge transformation defined by 
(2.5.5). However, by using the method discussed in Chapter 4, one can easily construct a 
linear problem depending on a non-removable parameter A. 

a t2 o 1 ns a 

Indeed, the symmetry generated by xtô, + 50, — (5 + tz) O. is non gauge-like 
for the given zero-curvature representation and its flow A, can be used to insert a non- 
removable parameter À into it. Indeed, by preliminarily removing the parameter n through 


the gauge transformation defined by (2.5.5), one gets the following family of ZCRs of (2.5.10) 
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AtAtz—2z 0 
2(At—2) 


ay = dx 
2 AtAtz—-2z 
(M—2)? 2(M-—2) 
5 ES +r2 +2+ dadrç!| 0 
+ dt, 
—  2zz 2Az ae Pe Dr, MA-Az-2) 
Te Tea à [ua + oz +: AÇÃO) 


which depends on a non-removable parameter À. 

Remark 2.5.8. In the context of equations describing pseudospherical surfaces the 
occurrence of differential substitutions that, like the celebrated Cole-Hopf transformation, 
map solutions of an already known integrable equation (e.g. a linear equation) to solutions 
of a new equation, is quite natural. Indeed, as already observed by Reyes (see for instance 
[53]) these substitutions can be often obtained from the following Riccati first order system 


for an auxiliary function [ =T(x, d) 


Do=—5 (fa — fa)D+fuD=5(fa + fa), 

De=—5(f2 — fo)T2+ fal — 5 (fa + fo), 
which is naturally defined by the 1-forms w, = f,dx + f,dt of an equation describing 
pseudospherical surfaces. This fact is due to the remarkable property that the integrability 


of (2.5.12) is equivalent to the structure equations (1.2.1), and will be illustrated below by 


means of next three examples. 

Example 2.5.9. Here we will use the Riccati first order system (2.5.12) to identify a 
dif- ferential substitution which “linearizes” the first equation of (2.5.1) (generalized Burgers 
equation). To this end we observe that by using the linear problem of Type III (a) given in 
the Example 2.5.1, (2.5.12) takes the form 

Pe=nD+(2-p), 


Pe=n(ec+9)P+(a+2+ps—p)D. 
Hence, by assuming that T + O, (2.5.12) can be rewritten as 


Do 
= -n+o, 
r. = Dz = 2007 e 2p7 « + 2p ah. 


(2.5.13) 
We notice that (2.5.13) is well defined whatever is the value ofn and in particular that 


itis defined also for n = O. 


When n = 0, if p = p(x) is such that p" - 2pp' = k(x) then (2.5.13) provides the 
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differential substitution 


ga tos 
=p p. 


which transforms the nonzero solutions of the linear equation 
Pe=To+2pr4+2pT, 
to solutions of the generalized Burgers equation 
u=2+22m +k. 
When p= 0 above transformation reduces to the celebrated Cole-Hopf transformation. 


Example 2.5.10. Here we will use the Riccati first order system (2.5.12) to identify a 
differential substitution which “linearizes” equation (2.5.10). To this end we observe that by 


using the linear problem (2.5.11), (2.5.12) takes the following form 
Da = nr? — 27, 
Pe=nzl+(rm +24 222). 


Hence, by assuming that T + 0, (2.5.12) can be rewritten as 


Pe=2Toe—2malT.+4+To—nD?. 


Also in this case, the Riccati system is well defined also for the particular value n = O 


by which it provides the differential substitution 


transforming the nonzero solutions of the linear equation 
De=T +, 
to solutions of (2.5.10), i.e., 
u=r0+2(zz+D)au+ 2. 
Example 2.5.11. Another application of the method illustrated in the last two 


examples can be given by considering the following class of equations 


bo 
[bad 


à = Ao2o + (Ay + 2492 + Ao o) 24 + Aga? + Ataz + Ate — Adro (2.5.15) 
where A, =A, (x, t)and A,=A, (x, t) are arbitrary differentiable functions, with A, z O. 
Equations (2.5.15) are of Type III (a), as one can check by taking 


o g=-Agz+ Aos — Ai, a=-, m=0, (2.5.16) 
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in the equation (2.2.11). As in the previous example, we will use the Riccati system (2.5.12) 


to show that the whole class (2.5.15) can be “linearized” by using a differential substitution. 


Indeed, in view of (2.5.16), by using the corresponding fip the Riccati system (2.5.12) 


takes the following form 


Te=n"-7, 
Ds = n (Az — Asa + AT? + (Aga + Ag? + Ajz + Ate — Ao e) E, 


and assuming that T + O it can be rewritten as 


— 


= AoT ss — 2nA9IT + + AD — nÃo «12 + (Ass — Agao)T. 


Thus, since for n = O the system (2.5.17) reduces to 


D, = AoD er + Aly + (Aio — Azgs)D, 
it follows that the non-vanishing solutions of the linear equation 
= Ag qq + AT 4 + (Air — Agaa)TD, 
are transformed by means of Z = Fe to solutions of the nonlinear equations (2.5.15). 
More in general, it is not difficult to prove that the class of equations 
à = Aga + (Ay + 2492 + Ao) 24 + Age? + Aiaz + Aga (2.5.18) 
where 4,=A, (x, 1), A, =A(x, ) and A,=A,(x, 1) * O are arbitrary differentiable functions, 


is the most general class of equations of the form z, = F (x, t Z, Z, Z,) which can be 


“linearized”, in the above sense, to 
[= Ao ax + AT. + Agl, 


by means of the “Cole-Hopf” differential substitution 


Equations (2.5.15) are just obtained from (2.5.18) by choosing A, = -A,  +4A,,. 


Remark 2.5.12. According to the convention introduced by Calogero in [10], 
equations like Burgers and those considered in the Examples 2.5.9, 2.5.10 and 2.5.11 are 
called C-integrable. On the other hand, the type of equations considered by Svinolupov and 
Sokolov in [43] is sometimes referred to as symmetry-integrable. It is noteworthy to remark 


here that these two notions of integrability are not coincident. Indeed one has examples of 
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equations, like Burgers equation, which are both C-integrable and symmetry- integrable. 
However it is easy to find examples of equations which are integrable in a sense but not 
in the other. For instance, equation (2.5.10) is C-integrable but it is neither linearizable by 
contact transformations (Indeed Cole-Hopf transformation is not a contact transformation) 
nor equivalent to one of the four equations (2.5.1). Indeed, the algebra of classical 
symmetries of (2.5.10) is 3-dimensional and hence (2.5.10) cannot be contact equivalent to 
a linear equation. On the other hand, it can also be shown that none of the four equations 


(2.5.1) is contact equivalent to (2.5.10). Indeed 


= f(2;t), t=g(t), 2= plot): (2.5.19) 
is the most general contact transformation which leave invariant the class of evolution 
equations 

Z = aa(Z,1,2)Zzz + ao(Z,t,2)2 + an(Z,t, 2)Zs + ao(Z,t, 2), (2.5.20) 


where Z;, Z; Z.. are partial derivatives of Z = Z(x, t) and a are arbitrary differentiable functions 


xXx xx 


such that a, + O. Hence, under transformations (2.5.19), any equation of the form (2.5.20) 


is mapped to 
l g'as | g ju [has + hos as) 3 
Zt P 294 fp As 4 
[h» LENA a + 29 ha ho Ja ag + (29' hz dis Em g ho isa) ag + ho fé el 
SF E 3 E = M 
Faz 
[9 Ê E g ha Pa E g hã fa ag + (9! ha RE — g hz e, az + há É o ha fé Ff 


éh. | 
(2.5.21) 


In view of (2.5.21) it is not difficult to check that, by means of a contact transformation, 


none of the four equations (2.5.1) can be transformed to (2.5.10). 
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CAPÍTULO 3 


FINITE-CORDER — LOCAL ISOMETRIC IMMERSIONS 
OF PSEUDOSPHERICAL SURFACES DESCRIBED BY 
SECOND ORDER EVOLUTION PS EQUATIONS AND 
GENERALIZATIONS 


In this chapter we consider the problem of existence of local isometric immersions, 
into the 3-dimensional Euclidean space Eº, for the families of pseudospherical surfaces 
described by PS equations classified in the Chapter 2. We will show that only Type | 
equations admit such a kind of immersion and, on the base of this result, we also provide 
an extension of the results to the case of k-th order evolution equations in the conservation 
law form D, (f(x, t Z)=D (Ox, t, 2,2, ...,2Z,)). The examples discussed in the end of 
this chapter include second order equations as Boltzmann, Murray and Svinolupov- Sokolov 
equations, as well as higher order equations like Kuramoto-Sivashinsky, Sawada- Kotera 
and Kaup-Kupershmidt equations, and also full hierarchies of integrable equations like 
Burgers, mKdV and KdV, which were not covered by the results of previous papers [32, 33]. 

The chapter is organized as follows. In Section 3.1 we state the Theorem 3.1.1 and 
Theorem 3.1.2, which are the main results of the chapter, and in Section 3.2 we give detailed 
proofs of these theorems. Finally, in Section 3.3 we illustrate these results by means of 


some examples. 


MAIN RESULTS 

The chapter is mainly concerned with the following question: 

Do finite-order localisometric immersions existfor the family of pseudospherical 
surfaces described by the evolution second order PS equations of Theorem 2.2.1? 

The answer to this question is provided by Theorem 3.1.1, which is the main result of 
the present chapter and is stated below. According to this theorem such an immersion only 
exists for equations of Type 1. 

Theorem 3.1.1. For second order PS equations classified by Theorem 2.2.1, there 
exists no finite-order local isometric immersions for the families of pseudospherical surfaces 
described by Types Il and Ill, whereas for those described by Type | such an immersion 
exists if, and only if, there are constants y, CER, y/=0,C>0, & — 4yº > 0 such that: 

| for Type (a) the generic solutions z and associated 1-forms w, = f, dx + f dt, 


given by (2.2.4), are defined on a strip ofR? of the form 
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C=vC Erva 


log E <e(mnz+9) < log à (3.1.1) 
and the functions a, b, c appearing in (1.3.1) are given by 
= v/ Ceenz+9) — yetdne+a) — 1, 
bee, (3.1.2) 
co Bat o prato 


with v = &1; 


IH for Type I (b) the generic solutions z and associated 1-forms w, = f, dx + f dt, 


given by (2.2.5), are defined on a strip ofR? of the form 


c-VE=aP 


arccosh 3 <nz+g<arccosh (3.1.3) 
and the functions a, b, c appearing in (1.3.1) are given by 

= / Ccosh?(nxz+9)-—coshi (nx+g) —y? 

= cosh2(nz-+9) 
= Y s 
— cosh2(nz+9)* (3.1.4) 
E y2-cosh4(nz-+9) 

c V— s 

» cosh2(nz-+9) Vc cosh2(nx-+9)-—cosh4(nz+9)—y2 


with v = +1. 


On the other hand since Type | equations can be written in conservation law form, 
like the k-th order equations described by Theorem 1.2.2, the answer provided by Theorem 
3.1.1 naturally led us to the following second question. 

Do finite-order localisometric immersions existfor the family of pseudospherical 
surfaces described by the evolution k-th order PS equations of Theorem 1.2.2? 

The answer to this second question is provided by the following 

Theorem 3.1.2. Finite-order local isometric immersions for the families of 
pseudospher- ical surfaces described by k-th order PS equations of Theorem 1.2.2 exist if, 


and only if, there are constants y, CE R,y*0,C>0, & — 4yº > 0 such that: 


| | fortype (a) the generic solutions z and associated 1-forms mw, = f, dx + f dt, 


given by (1.2.10), are defined on a strip ofR? of the form 
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and the functions a, b, c appearing in (1.3.1) are given by 


a= vv Ceenr+a) — y2elenz+g) =. 


9 c 

b = yelcnz+), (3.1.6) 
2. 2e4e(nz+9) — 

RR ni qe ! R 
a V'CeZe(nz+9) 2ede(nz+9) 1 


with v = =1; 


Il for type (b) the generic solutions Z and associated 1-forms w, = f, dx + f dt, 
given by (1.2.11), are defined on a strip of Rº of the form 


ENRER: 


arccosh —) <nzx+g< arccosh (9.1:7) 
and the functions a, b, c appearing in (1.3.1) are given by 
VCcosh2(nz+9)-cosh!(nz+9) 2 
E = cosh2(nz-+9) 
— e) : 
=" (3.1.8) 
xs A y2-coshi(ne-+9g) 
E=— =V ' 
' cosh?(nz+9) VC cosh?(n+9)-cosh(nz+9)—4? 
with v = +1. 


The proofs of Theorem 3.1.1 and the Theorem 3.1.2 are presented in Section 3.2.2 


and Section 3.2.3, respectively. 


PROOFS OF THE MAIN RESULTS 


Auxiliary lemmas 

We begin with the following 

Lemma 3.2.1. fz =F (x, t,Z,Z, ..., Z)is a k-th order PS equation with associated 
1-forms w,=f,dx+fdt 1<i<3, depending on (x, t, Z, Z, ..., Z,) then 


fa =falz,t,2), fo=Jfalz,tza,...,2k-1). (3.2.1) 


In particular if f,, =f, (x, ?) and f,, =n, then 
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foras = Poa =), (3.2.2) 


fa 0, (428) 


ÍD + 0. (3.2.4) 


Proof. In view of Theorem 2.1.1 one has (3.2.1). On the other hand, by assuming that 


fu =f, (x?) and f, =n, one can rewrite structure equations (1.2.1) as 


fra + foza ++ fr + nto — fafoo— fue =0, 
Poa + fora ++ for + fofa — fufao =0, (3.2.5) 
fara + fara ++ fara 2a + nfio — fufoo — fas — fazF =0. 


Then (3.2.2) follows by deriving first two equations of (3.2.5) with respeci to Z,. On 
the other hand, equations (3.2.3) and (3.2.4) easily follow deriving the third equation of 


(3.2.5) with respect to Z, and by the non-degeneracy condition (2.1.2). 


The following lemma is an analogue of the main result of the paper [32] and will 
facilitate the proofs of Theorem 3.1.1 and Theorem 3.1.2, which are provided in Subsections 


3.2.2 and 3.2.3, respectively. 


Lemma 3.2.2. Letz = F(x,t, 2,2, ..., Z,) be a k-th order PS equation with k >2 and 
associated 1-forms w,=f,dx+f,dt 1si<3, depending on (x, t Z, Z, ... Z,) and satisfying 
fo = n. lf there exists a finite-order local isometric immersion for the pseudospherical 
surfaces described by solutions z = z(x, t) of this PS equation, then the functions a, b and c, 


defined in (1.1.7), depend only on x and t. 


Proof. If the coefficients of the second fundamental form (1.3.1) depend on finite- 
order jet prolongations of solutions Z, and the functions f, only depend on (x, t, Z, Z,, ..., 
Z,, then a, b and c may depend only on x, t Z, Z,, ..., Z, where lis a fixed positive integer. 


Hence, (1.3.2) rewrites as 


fuas+ nb: — foas — foobo — 2b( funfa — fafio) + (a —c) (nfao — far fas) 
i ! 


Spa +fobe)an+> (Suas +mba)as=0, 
i=0 :=0 


(3.2.6) 
fude: + nce— fiobw — focar + (a — c) (fufao — faafio) + 2b (nfao — far foo) 
1 


l 
—S (fioba + foca) +45 (fube +nce)2e=0. 
i=0 


1=0 


We will prove the lemma by distinguishing the two cases: n = O and n + 0. 
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Case n=0.In this case, the non-degeneracy condition w, A w, + O rewrites as ff, 
* O. Hence, since z, = Fis a k-th order equation, by deriving both equations of (3.2.6) with 


respect to z,,, one obtains 


184º 
Ga=0, Da, (3.2.7) 

and in view of Gauss equation (1.3.3) one has that 

ac» = 0. (3.2.8) 


Thus when a z 0, in view of (3.2.8), C = 0 and by successive differentiating equations 


(3.2.6) with respect to z, 


m fori=0,..,|-1,onehasthata,=b,=c,=0. 
On the contrary, when a = 0, then Gauss equation leads to b = € = +1 and (3.2.6) 


becomes 


fai fooc — 2e(fufao — fafio) =0, 
l (3.2.9) 
fooca + c(fufaa — faafio) + 2efar fas + Do foca 1 =0. 
10 
Hence, in (3.2.9), by substituting the expression of f, fa, — fa, Obtained from the 


first equation into the second equation one gets 


l 2 
3 ecfa 
Ca — Cai Zi41 + 2 — Zefa — 0, 
= 4 


and in view of Lemma 3.2.1, by means of successive differentiations with respectto Z..,, for 


it? 
i=0,..., | one gets that c, =. 
Hence when nm = 0, one has 


=D tu=0, JR 0 l. 


Case n + 0. In view of (1.2.8), by deriving both equations of (3.2.6) with respect to 


zl+k, one obtains 
2 
ba=—-a Ca= 44, (3.2.10) 


and the derivative of the Gauss equation (1.3.3) with respect to z returns 


2.9 
(c hos mia) | (3.2.11) 


nm? 7 


Now we will proceed by further distinguishing the two subcases: 
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. af2 

(1) la = 0, c+ su 4 eu EA 0: 
2 

(ii) c+ Sh + Blu —0, 


Subcase (i). In view of (3.2.10), 


Aa Da 


eifan=s fi (3.2.12) 


and by substituting (3.2.12) in (3.2.6) one readily gets the following analogous of (3.2.10) 
and (3.2.11): 


fu fi 
D. =— = ej=1 2z = “ola a a el 
1 7 Aa Cas o Tx ( ) 
and 
a “ 2bfu e 
c+ Ri Gg, =). (3.2.14) 
n n 


2 
ds né 2b E 
Hence in view of c + = + fa * ( one also obtains that 


aan = ba, = Ca =). (3.2.15) 


Thus the desired result easily follows by observing that iterating above procedure 


one would get that 
44 =b4=Cg=0, 1=0,1,...,b. 


af? af2 
Subcase (ii). If c + ea + o = (), then by substituting c = ta — BÍL imo 


the Gauss equation, one gets 


pq EM, (3.2.16) 


where v = +1. Hence 


; RN 
TR " ( ) 
and the following identities hold, 
2 a a 
Db = Aube ab) Do=fipe,2(0a  v) Di(fy), 
: (3.2.18) 
Db = —fuPas — abifu) Dic lide 42 (24  v) Do (fu), 


where D, and Dare the total derivative operators. Then, by using (3.2.18), equations (1.3.2) 


rewrite as 
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! 
2a g a D, 
-afus — afuzF + áuaa + o, A ist + ond Ba 


= 7 
—2b (fu fa — fafio) + (a — c) (nfao — far foo) = 0 


A, l (3.2.19) 
(15! — 2v) dA: (ui af —2) fis fun bias fu AS atm 


n n nn 
1=0 


[Sue + tz (2 24) | Do (fu) + (ac) (funfa — farfia) 
+2b (nf32 — far foo) = 0 


where À, := f,f,,— Nf, é O in view of the non-degeneracy condition w, A w, + O. 


Now to prove that in the current subcase a, b, c do not depend on (z, Z,, ..., Z) we 


pv 


analyze separately the cases /|>k, |=k- 1 and/<sk-2. 


When / >, by deriving (3.2.19) with respect'to Z,, i=K,..., |, one gets that 


pl 
Aa, =0. Therefore an argument similar to that used in the analysis of subcase (i), shows 
that 


a, =b.=c4=0, Vi=k,.sl (3.2.20) 


When /=k-— 1, by deriving (3.2.19) with respect to Z,, one gets that 


—afua” a + Ata 2450, feudo 
af Essa dv f F — fu Ap, — 0) ( o 

n 4 11,2! ,zk n n kk : 

which easily leads to Dae O and hence, in view of (3.2.10), to 
dar bas=Caa=0 (3.2.22) 


Hence in view of (3.2.20) and (3.2.22) the jet-order of a, band ccannot exceed k— 1. 
However we will prove now that a, b, c may only depend on (x, ?). Indeed, when /|<k-— 2, by 


deriving (3.2.19) with respect to z,, one gets that 


=afuf a =), 
(et = 2v) fuzF a =0, 


which easily leads to vf,,,F., = O and hence to f, = f,, (x, ?), since Z,= Fis by assumption 


a kth order equation. Therefore in such a case equations (3.2.19) reduce to 
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l 


=afius + + Aa Gs + aus A x,Zi41 + ie — 2b(fufao — faafia) 
1=0 


+(a— c) (nfs — fafoo) —0, 
A E l (3.2.23) 
(ata — 2v) fus ts q luQer qué 


i=0 
dá + Ee (eia 2v) | fuz+(a—c (funfa — fafio) 
2b (nf32 — fai foz) = 0, 


and in view of Lemma 3.2.1, conditions (3.2.2), (3.2.3) and (3.2.4) must be satisfied. In 


particular, if /= k — 2, by deriving (3.2.23) with respectto Z, , one has 


Aja 2 9 


—2bfufsam,+(a—-c)nf322, 4 =0, 


ag 2bfac 
fu ANDI o) , E, o 2m fa2,2x-1 — 
n n /] (a c) FE fu 0, 


(3.2.24) 


where f, * O in view of (3.2.4). In particular, by comparing first and second equation of 
(3.2.24), one gets 


nfu (a—c) = (fh— mn), (3.2.25) 


where f2 —m?  (), since otherwise a - c=0 and by (3.2.17) one would get f, =. Then, 
by substituting (3.2.16-3.2.17) into (3.2.25) one obtains a + nê = () which contradicis n 
*0O and f, +0. 


On the other hand, if /< k - 2 then by deriving (3.2.23) with respect'to Z, , and using 
(3.2.4), one gets the system 


((e)-() 


which in view of fZ — 1? O immediately leads to b = O and a = c, which contradicts the 


Gauss equation (1.3.3). 


Proof of Theorem 3.1.1 


In the proof of Theorem 3.1.1 we will analyze separately equations of Type | and 


equations of Types II-III. 
Existence of finite-order local isometric immersions for Type | equa- tions 


To prove that equations of Type | admit finite-order local isometric immersions, we 


will distinguish between Type | (a) and Type | (b). 
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Type I (a). In view of Lemma 3.2.2 and (2.2.4), equations (1.3.2) reduce to 
—-pe lit) fa, -e(a-con)a-—- ve (+) [a, —e(a— c)n] 
+mb:-gbe te ltDfla,-eg' (a-c)]=o0, 

— pe nz+9) [b, — 2emb] 21 — be L1z+9) [b , — 2emb] 
+nce— Ico + e lt F (b, — 2eg'b) = 0. 


Hence, in view of the independence of q, Wp, f, ganda, b, con Z,, (3.2.26) splits into 
the following two systems 


az—e(a-c)n=0, 


(3.2.27) 
by — 2enb = 0, 
and 
—e(nz+9) —eg(a-dJ+nbe-gb,=0, 
e Fflas—eg (a-c)]+nb:— gb, (3.2.98) 


ento) f(b,— 2eg'b) +nc;— g'cr =0. 


In its turn, in view of f, + O and the independence of g, a, b, con Z, the system 
(3.2.28) splits into the following system 
as—eg' (a-—-c)=0, 
be — 2eg'b = 0, 


nbe— 9br =0, 


(3.2.29) 


nc — cr =0. 


Then, from the second equation of (3.2.27) and second equation of (3.2.29), one 
gets the expression of b given by (3.1.2). In particular the third equation of (3.2.29) is 
automatically satisfied. 


On the other hand, in view of nº + (9)? + O, from the first equations of (3.2.27) and 
(3.2.29) one has that a + O and from the Gauss equation one gets 
pP-l 
CE . (3.2.30) 


a 


Then in view of (3.2.30), first equations of (3.2.27) and (3.2.29) rewrite as 
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aa; — en [a? — y?ettnr+s) + 1] =0, 


(3.2.31) 
aas — eg' [a? — petit) 41]=0, 
and can be readily integrated in the form 
q = Celnr+a) — yPeteliz+9) —1, CeR, (3.2.32) 


by using the integrating factor e2n*, Thus (3.2.32) entails that 


a = v/ Celenz+a) — y2ete(nz+9) — 1, 


which is defined whenever Ze?in+9) — y2e!sineo) — 1 >0. Therefore Z>0 and 


C—v Ç — 4? < enz+9) C+v Ç2 — 2 


92 292 


E | 
i.e., a is defined on the strip described by (3.1.1). Finally, by substituting above results in 
(3.2.30) one gets the expression of c given in (3.1.2), and one can readily check that also 


the fourth equation of (3.2.29) is satisfied. 


A straightforward computation shows that also the converse of the theorem holds for 


current type. 


Type I (b). The proof is similar to that of Type | (a). In this case instead of (3.2.26) 


one has the following system 
—pl[cosh(ne+9g)ar+nsinh(nz+g)(a-o]a+mnbe— gba 
—y [cosh (nz + 9) az +nsinh(ne+9)(a—c)] 
+[cosh(ne+g)as+sinh(ne+9g)g(a-c]f=o0, 


(3.2.33) 
—p [cosh (nz + 9)br +2nsinh(nr+g)])a +nce— ca 
—y [cosh (nx + 9) by + 2n sinh (nz + 9)] 
+[cosh (nz + 9g)bi+2sinh(nz+9)gb]f=0, 
by which one obtains, instead of (3.2.27) and (3.2.28), the following two systems 
cosh(nz +g)az+nsinh(nr+g)(a-c)=0, (3.234) 


cosh (nx + 9)ba + 2nsinh (nz + 9) =0, 


and 
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[cosh(ne+g)as+sinh(ne+g)g(a-d)]f+nbe— gb =0, 


(3.2.35) 
[cosh (nz +9)b;+2sinh(nvx+9)gb)f+nc;— gcr=0. 
Hence, instead of (3.2.29), in this case one gets the system 
cosh(nz+g)as+sinh(nr+9)g(a-c=0, 
Pp a, (3.2.36) 


cosh(nz +9)b:+2sinh(nz+9g)gb=0, 


nc4— 9cr=0, 


and the proof runs as that of Type | (a). In particular one gets the expression of b given 


in (3.1.4), as well as that c = Po Moreover by integrating the following analogue of 
a 


(3.2.31) 


aa + + ntanh (nx + 9) a? — mtanh (nx + 9) [ata | =), 


cosh4(nz-+9) 


(3.2.37) 
aa + + g'tanh (nx + 9)a2 — g'tanh (nx + 9) [slactad | = 0, 
by means of the integrating factor ef tanmeg x = -cosh? (nx + 9), one gets 
ão C(t) cosh? (nx + 9) — cosh* (nx + 9) — El ceR, (3.2.38) 


cosh* (nx + 9) 
which is exactly the expression of a given (3.1.4) and is defined whenever 
Ccosh? (nz +9)- cosht (nz +9g)-9 >0. 


Therefore one has that €> 0 and 


"2-4 Ed (EA 
em < cosh? (nx + 9) < AS. 


i.e., a is defined on the strip described by (3.1.3). By substituting above results for a and b 
into c = o one obtains the expression of c given in (3.1.3) and one can readily prove 
that all equations of (3.2.34) and (3.2.36) are satisfied. 

A straightforward computation shows that also the converse of the theorem holds for 
the current type. 

Non-existence of finite-order local isometric immersions for Type Il and Ill equations 


To prove that equations of Type Il and Type Ill do not admit finite-order local isometric 
immersions, we will separately analyze Type Il (a), Type II (b) and Type III (c), whereas Type 


HI (a) and Type II (b) will be analyzed almost simultaneously. 


Type II (a). In view of Lemma 3.2.2 and (2.2.7), equations (1.3.2) reduce to 
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las —nm(a-c)]agf.a+engô(a-c)f — 28,9g2bô — ab, | g?ô dz 


+nbe+my(a-c]— ay + $ [as —-em(a-c) f q%ô dz] = 0, 
[bw — 2ymb] gf x + 2engóbf + egó(a—-c)—-excs | g2ôdz 
+n [c++ 2mbb) — bay + é [b, — 24mb f 926 dz] =); 


Hence, in view of the independence of 6, m, f,g, yand a, b, con Z, (3.2.39) splits 


into the following two systems 


ar—nm(a-c)=0, 


(3.2.40) 
be — 2nmb = 0, 
and 
angô(a-e) f? + (nbs — 2ag?bô — eb J 92ô da) f 
+g [as —- am(a-—c) Jg dz] = 0), 
(3.2.41) 


Zengôbf? + [1926 (a—-c)-—eics Jg da + ncs] E 
+9 [bs — 2e4mb f 92ô dz] = 0. 
Then ifn + O, by deriving (3.2.41) twice with respect to z, one gets 
b=0, a=e, 
which contradicts the Gauss equation (1.3.3). 


On the other hand, if n = O, then from (3.2.40) one gets a = b, =0 and (3.2.41) 


reduces to 

—-Dagbdf +g [as —am(a-c) J g?ô dz] =; 

[a92ô (a—c) — EC) gô dz] f+g [bs — 2emb [ 92ô dz] =). 

Hence, by deriving the first equation of (3.2.42) with respect to Z, one has that b = 
O and az 0, because of Gauss equation (1.3.3). Also, by deriving the Gauss equation with 


respect to x, one gets c, = O and hence, in view of f, + O, from the second equation of 


(3.2.42) one concludes that a = c, which contradicts the Gauss equation. 


Type II (b). In view of Lemma 3.2.2 and (2.2.9), equations (1.3.2) reduce to 
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nagf:(a-c)a+engasf —ean(29b+ba | 9º dx) 


+n [be + 4 (a — c)] — Sesi de (a — e) =0, 

(3.2.43) 
2magbf a +emgbaf +eang?(a-c) -eancof gd 
+n (cs + 2by) — 2reistlêdo 0, 


Hence, since f, = 0, it follows that w, A w, + O is equivalent to e,n?gf + O and by 


deriving (3.2.43) with respect to Z,, one concludes that 
b=0, =, 
which contradicts the Gauss equation (1.3.3). 


Type III (a-b). In view of Lemma 3.2.2 and (2.2.12-2.2.14), equations (1.3.2) reduce 


[ar—2bh—-nm(a-c)]g:+[ar—2bh—nym(a-c)ga 
— fm (a—c) ui fg+ [a ER ur ooo | f 


+ [Bete anteto mo) — (a-c)h? — hb a — 2bh + nô (a — º)| g 


+mg(a- co) +m9b:=0, 
(3.2.44) 
[br — 2nmb+h(a-c)] ga + [br — 2gmb+h(a—c)| ga 


— [Pmhb = mito dia fg+ po, + mat f 


+ [Ptejambh —2bh? -cahthe(a-c)+ 2nôb] g 


+2ngb + nc = 0. 


Hence, in view of the independence of h, m, q, f, ganda, b, con Z, (3.2.44) splits 


into the following two systems 


àr=2bh+num(a-c), 


br = 2nmb-— h(a—c), 


and 
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far+mbe+ [mn (E=1 = a) : 26b] af —2mbf 


+ [nô (a + 1) — 2ymhb] g+nq (a — o) = 0; 
(3.2.46) 
2 


MED, + (14 2) bu+ [6 (a+ 158) — 2mhd] af 


+a (a + 12) p + [2môo + mt (28-28 1 307) | g+2bmg =0, 


2 
where we have used the identity c — ta Indeed a x O, since otherwise (3.2.45) reduces 


ho —mnm 2014 [0 
nm h El NOS 


 ),andb=c=a=0 contradicts Gauss equation. Therefore, 


to 


ho —mm 
where det 


mm h 


by rewriting (3.2.46) as 


as = [El (a2-b+1)+20b] g+ 2, 


be = [2mhb à (a? P+1))g-L(02-b+1), 


and deriving (3.2.47) with respect to z one gets 
ô mh 2ab 0 (3.2.48) 
mh —S 2-r4+1) lo) o 


get pose, (3.2.49) 


and 


In the case of Type III (a) one has that 
— (82 + m2h?) = — [h? (1—-m?) + m2h?] = 20, 
and hence (3.2.48) entails that b = O and a + 1 = 0, which is a contradiction. 


On the other hand, in the case of Type III (b) either m? +02 +0orm= 0=0, however 
in both cases equations (3.2.48) and (3.2.49) lead to a contradiction. Indeed, when mº + 6? 
* 0, (3.2.48) entails that b = a? + 1 = 0. On the other hand, in view of (2.2.2), when m= 0 = 
O one also has n = O and hence from the compatibility of (3.2.45) and (3.2.49) one obtains 


b(he— qu) =0, (3.2.50) 


where h,-— q, é O, otherwise by (2.2.15) one would get g = O and hence (2.2.11) would 


degenerate to a first-order equation. Thus, from (3.2.50) one has b = O and in view of h + 
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0, (3.2.49) and (3.2.45) one easily that q = a - c= 0, which contradicts the Gauss equation 
(1.3.3). 


Type III (c). In view of Lemma 3.2.2 and (2.2.16), equations (1.3.2) reduce to 
mn(a-c)-2hb)g:n+[In(a-c)-—-2hb)ge —gf [n (a— co) + ” (a — o)| 


+9 [na — hbs — 2bh « + Ma (a — º)| 


+ Ml (a-c)thas+nb:— gaz =0, (3. 


bo 
faso 
pu 
e 


(h(a- co) +2nb)gza +[h(a-c) +2nb)ga — 9f [pn + 2Éb] 
+g [nd — hcst(a-c)ha+ “54 + mal h +hbe + nce — qba — 0. 


Hence, in view of the independence of h, m, q, fand gon z,, one readily gets that 


—h nm 2b E Ma 
n h a-e) No) 
—h nm 


where det É * 0, and b=a-c=o0 which contradicts the Gauss equation 


(1.3.9). 


Proof of Theorem 3.1.2 


In the following proof of Theorem 3.1.2, we distinguish between the linear prob- lems 
(a) and (b) provided by (1.2.10) and (1.2.11). 


a. Inview of Lemma 3.2.2 and (1.2.10), equations (1.3.2) reduce to 
—Qe-nr+9) [a —e(a-co)n)+e Lt+Dfla, eg (a-—c)) 


+nb + -— 9 Da = 0, (a 


bo 
bad 
bo 
— 


—Qe-nz+9) [b, — 2emb] +e Lt) (b, —2eg'b) +nce— ger =0, 


3.2.52) splits 


where Da 0. Hence, in view of the independence of f, gand a, b, con z, ,,( 


into the following systems 


ar—e(a-c)n=0, 


br — 2enb — 0, 


and 
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elmtdfla,-eg (a-c)]+nb:—-9b,=0, 
elmo) f(b,— 2eg'b) E nce— g'c; = 0. 
The rest of the proof runs as that of Theorem 3.1.1, in the case of Type I (a). 


b. In view of Lemma 3.2.2 and (1.2.11), equations (1.3.2) reduce to 


—Q [cosh (nz + g)ar+nsinh(ne+g)(a-c)]+cosh(nr+g)as 
+9b:— 9br +sinh(nex+9g)gf(a-c)=0, 


—. 
bo 
x 
Go 

— 


—Q [cosh (nx + 9) ba» + 2msinh (nx + 9)| + cosh (nz + 9) bs 
+nce— cr +2sinh(ne+g)g'fb=0, 


where Ds *0. Hence, in view of the independence of f, gand a, b, con Z, . (3.2.53) splits 


k-7 


into the following systems 


cosh(nz+g)ar+nsinh(ne+g)(a-c)=0, 
cosh (nz + 9)ba + 2nsinh(nz +9)=0, 


and 
cosh(ne+g)as+nbe— gbr+sinh(nv+g)gf(a-c)=0, 
cosh(nz +g)be+nci— gcr+2sinh(nz+g)g'fb=0. 
The rest of the proof runs as that of Theorem 3.1.1, in the case of Type | (b). 
EXAMPLES 


Example 3.3.1. Boltzman equation 
2 = 229 + à, (3.3.1) 
is an example of Type | (a) and Type | (b). 
For instance, by choosing 1-forms 
w = ee(nz+9) (zdr+zadt), wo=ndr+g'dt, wy= em, 


equation (3.3.1) can be seen as a particular instance of Type | (a), described by (2.2.3), 
withe=+1,f=p=zy=0andg=g (t) an arbitrary differentiable function. In this case, 


equation (3.3.1) describes a family of pseudospherical surfaces with first fundamental form 
= [e-2e(nz+9) 2 + n] dx? +92 [e-2e(n2+9) 2224 + ng” dx dt + [e-einr+9) 2222 Et (9] dt2. 


and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f, dx + f,, dt and 
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the generic solutions Z of (3.3.1) are defined on a strip of the form (3.1.1), such a family 
of pseudospherical surfaces admits a finite-order local isometric immersion with second 


fundamental form given by 


II = ay de? + 2ajo dz dt + agodt?, 


where 
au = ve 2(nz+9) 2 V CeZene+) - v2etenz+9) E] 
+amyettreta)z + vm WE EEE ii 
a = ve 2n+9) 22, /CeZenz+9) — Refelnz+9) — 1 
ent) (g'z + nz2) + vng' z aii 
a29 = ve nz+9) 2222, CeZnr+a) — y2et(n2+9) — 1 


2e4(nz+9) 1 
ed 2etednz+9) 1º 


+yetir+9 tez + (9) v 


On the other hand, by choosing 1-forms 
wj=cosh(ne+g)(zdr+ za dt), ws=ndr+g'dt, ws=-tanh(ne+g)w 
equation (3.3.1) can be seen as a particular instance of Type | (b), described by (2.2.3), with 
f=p=z,y=0andg=g (t)an arbitrary differentiable function. In this case, equation (3.3.1) 
describes a family of pseudospherical surfaces with first fundamental form 
I = [cosh? (nz +9)2+1n] dr? + 2 [cosh? (nx + 9) 2x + ng] dz dt 
+ [cosh? (nz + 9) 2224 + (9?) dt, 
and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f, dx + f,, dt and the 
generic solutions z are defined on a strip of the form (3.1.3), such a family of pseudospheri- 
cal surfaces admits a finite-order local isometric immersion with second fundamental form 
given by 
= as de? + 2a19 da dt + agdt, 


where 
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au = v2 V Ccosh? (nx + 9) — cosht (nx + 9) -Y 


ER y2-coshº(nz-+g) 
coshigz-+9) cosh2(nz+9) Ccosh2(nz+9)-—coshi(nz+9)—? 


a192 = v2271 VCcosh? (nx + 9) — cosht (nx + 9) — 9? 


y-cosh*(nz+g) 


 Mgiz+nza) 
cosh2(nz-+9) VCcosh?(nz+9)-cosh* (nz+9) 2 ' 


cosh(nz+9) 


+ng'v 


az) = vzn V'Ccosh? (nx + 9) — cosht (nz + 9) = 92 


as 2g'yzm Ea (9)? v y2-coshi(nz+9) . 
cosh(nz+9) cosh? (nz+9)/Ccosh2(nz-+9)-—cosh4(nz+9)—? 


Example 3.3.2. Equation 
u=t0+2(22+Da+2, (3.3.2) 
is an equation of Type I (a) and Type | (b), as well as of Type III (a). 
For instance, if in Type | one chooses f = z, q = x, W = xZ?+z, one can interpret 
(3.3.2) as a particular instance of Type I (a), with associated 1-forms 
wj =e “(mto [dr + (xa + 02º + 2) di, 
wo=ndr+g'dt, (3.3.3) 
Way = UM, 
where e=+1 andg=g (t)is an arbitrary differentiable function. In this case, equation (3.3.2) 
describes a family of pseudospherical surfaces with first fundamental form / = w? + wê 
given by (3.3.3), and in view of Theorem 3.1.1, whenever the associated 1-forms w, = f, dx 
+ f, dt and the generic solutions z of (3.3.2) are defined on a strip of the form (3.1.1), such 
a family of pseudospherical surfaces admits a finite-order local isometric immersion. In such 
a case, the coefficients aij of the second fundamental form are given by (1.3.1) where a, b, 
care given by (3.1.6). 
On the other hand, ifin Type Ill (a) one chooses f = z, g=-xz, m=0, h= -n ande, 
=—1, one can interpret (3.3.2) as a particular instance of that type with associated 1-forms 
wm=2dr+[|za+2(zz+1)x+2?] dt, 
wo = ndx + nvz dt, (3.3.4) 
wW3 = —wa, 
where nm /= 0. In this case, equation (3.3.2) describes pseudospherical surfaces with first 
fundamental form /= w? + w2 given by (3.3.4), however in view of Theorem 3.1.1, such a 


family of pseudospherical surfaces does not admit any finite-order local isometric immersion. 
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This proves that the existence of finite-order local isometric immersions depends on 


the particular choice of the associated linear problem. 


Example 3.3.3. In view of Theorem 1.2.2, any evolution equation written in 
conservation law form is a PS equation. Hence, in view of Theorem 3.1.2, whenever the 
associated 1-forms w, = f, dx + f,, dt and the generic solutions z are defined on a strip of 
the form (3.1.5) or (3.1.7), there exists a local finite-order isometric immersion in Eº of the 
corresponding family of pseudospherical surfaces described by such a PS equation. In such 
a case, the coefficients aij of the second fundamental form are given by (1.3.1), where a, b, 
care given by (3.1.6) or (3.1.8). 


Examples of this type are provided by many well known evolution equations. Ex- 
amples of second order are for instance provided by Burgers equation, Murray equation 
and Svinolupov-Sokolov equations. Higher order examples are provided by Kuramoto- 
Sivashinsky equation (see also [17]), Sawada-Kotera equation and Kaup-Kupershmidt 
equation (see also [29]) as well as by hierarchies of evolution equations written in conser- 
vation law form like the following ones: 

| Burgers hierarchy 


=D [D: (an) + San] : nen, 


where a, =zand an1 = Ds (an) + Sn; 


IH. mkKdV hierarchy 


Z=.D, [D. (rem) + “a ) nen, 


where a, = 5 and Plin) — D), (2a,) + Dê [Pele]; 


HI. KdV hierarchy 


=D. (=) ; nen, 


where dy = 42, D, (E) = Di (&) + 2Do, (an) + Hj. 


Theorem 3.1.2 proves that, whenever the associated 1-forms w, and the solutions Z 
are defined on a strip of the form (3.1.5) or (3.1.7), finite-order local isometric immersions for 


the described family of pseudospherical surfaces exist in all such cases. 
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CAPÍTULO 4 


NONTRIVIAL 1-PARAMETER FAMILIES OF ZCRS OBTAINED 
VIA SYMMETRY ACTIONS 


In this chapter we consider the problem of constructing nontrivial 1-parameter 
families of ZCRs for PS equations. This problem is of special interest for the application of 
the theory of ZCRs, for instance in the calculation of exact solutions and infinite hierarchies 
of conservation laws, and has been solved in the more general case of g-valued ZCRs, with 
g a Lie sub-algebra of gl (n, R) or gl (n, €), by using the theory of classical symmetries of 
differential equations and the cohomology defined by the horizontal gauge differential of a 
given ZCR. In particular we provide an infinitesimal criterion which permits to identify all 
infinitesimal classical symmetries of an equation E whose flow A, could be used to embed a 
given ZCR a of E into a nontrivial 1-parameter family a, of zero-curvature representations of 


€. The results reported here have been recently published in the paper [15]. 


The chapter is organized as follows. In Section 4.1 we discuss the application of 
symmetries of an equation € in the construction of a 1-parameter family of ZCRs of €. In 
Section 4.2 we prove the main theorem which allows one to identify infinitesimal gauge-like 


symmetries as well as non gauge-like ones, for a given ZCR. In view of this 


theorem, only infinitesimal symmetries which are non gauge-like, for a ZCR a, may 
be used to construct a nontrivial 1-parameter family «,. Then we illustrate the results of this 


chapter by means of some examples in Section 4.3. 


ACTION OF CONTINUOUS SYMMETRIES ON ZCRS 


In this section we will show how the flows of infinitesimal classical symmetries 
of a differential equation € could be used to embed a given g-valued ZCR a of E into a 


1-parameter family a, of ZCRs. 


Since the flow of a classical infinitesimal symmetry of an equation € c J(n) is in 
particular a 1-parameter family of finite symmetries of C“(m), it will be useful to recall that finite 
symmetries of C4(m) can always be obtained by prolonging either a (local) diffeomorphism 
on J(m) or a (local) diffeomorphism on J'(m). Indeed, in view of Backlund theorem [45, 63], 
finite symmetries of C4(m) are of two distinct types: when m > 1 classical finite symmetries 
are prolongations of (local) diffeomorphisms on J(n) (also called point transformations); on 
the contrary when m = 1 there are classical finite symmetries which are not prolongations of 
point transformations, but are prolongations of (local) diffeomorphisms on J'(m) (also called 
contact transformations). In practice, a contact or point transformation can be prolonged to 


a finite symmetry of C“(m) on J“(n) as follows. 
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For ease of notation, denoting by z'” the totality of coordinate FA with je (1,..., m) 

and O < lol < h, the prolongations 

Z=6(020), d=W(a0), o<lg|<k 
to J(m) of a contact transformation on J'(m) 

m=6(020), d=t(xaD), O<xlj<i 
can be computed by using for any fixed o and jthe following recurrence formula 

[edl= 2" [D$ Peste a) 
where the pi denote the (k + 1)-th order truncated total derivative operators 
DR det > dada: 
lol<k 


and A is the nonsingular matrix 


A = (4.1.1) 


E 
Og) ... DOE) 


The same formula could be used to prolong a point transformation 
(x. = tlxs), À = w7 (x, z)+ on J(m) to a (local) finite symmetry of 41) on J(nd. 

Now, since the infinite prolongation of a finite classical symmetry is a finite sym- 
metry of C(m), by considering g-valued forms, with g a sub-algebra of gI (n, R), one has the 


following 


Lemma 4.1.1. Let F be the infinite prolongation of a point or contact transformation. 


For any pair (a, b) of natural numbers, the following diagram commutes: 


99 A (1) TO gg CH) 
dH t O) t dH 
g O ACD) — goAC(a). 
m(ab)oF* 


In particular, if F is the restriction to E” of the infinite prolongation F of a point or 
contact transformation which maps a formally integrable equation E c J(m) to a formally 
integrable equation Y c J(r), then for any pair (a, b) of natural numbers the following 


diagram commutes: 
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ptb p+ 


99 A(c+b) (3) E as 9 A(a+b)(£) 


dy 1 Ó 1 de 
99 A(ab) (3) =— g O A(d(E). 
medo pr 


Proof. We only give a proof of the commutativity of the first diagram, since the 


commu- tativity of the second diagram is obtained by restricting on E and YO. 


Since d = d, + d, and F commute, for any « E g & AlR»(r) one gets that F(d, a) 
+ F(dy) = d, (F(a)) + d, (F(a)). On the other hand, since Fis a symmeiry of C(n), it 
is not difficult to see that, for any p E Aº9, all terms in the decomposition of F(p) on 


ES AC) (x) have at least vertical degrees q. Hence rt3*!:>) (F(d, a)) = n(a+1,b) (d 
r+s=p+q 
(F(w))) = 0, and one has that nº» (F(d,0)) = nt» (d, (F(a))). But, again in view of the 


fact that Fis a symmetry of C(n), one has mt" (d, (F(a))) = d, nº (F(a)) then nfs) 
(P(d,a)) = d, ne” (Fo). 


vV 


An analogous result holds for forms on (nm) and £?. We will adopt the following 
Definition 4.1.2. Let F be the infinite prolongation of a point or contact transformation. 
By F* we denote the map 


Ff = qebDo Fº: go ACD) > go ACD (7). 


Analogously, if F is the restriction to £º of the infinite prolongation F of a point or 
contact transformation which maps a formally integrable equation £ c J(m) to a formally 
integrable equation Y c J4(n), by F' we will denote the map 

Ft = 1800 F*: go ACM) > go ACHE). 

Notice that, if Fis projectable (i.e., F(C“(M)) c C=(M)), then Fº = F: and F'= F.. Now 
we can prove the following 

Proposition 4.1.3. /fF is the infinite prolongation of a point or contact transformation, 
which maps a formally integrable equation € c J“(m) to a formally integrable equation Y c 
J(ry), then 

Fº. go AV) > go AHE) 
maps any ZCR B of Yto a ZCRa = F'(B) of E. 


Proof. Itis not difficultto show that, in view of the non degeneracy of (4.1.1), «is a non- 
vanishing g-valued horizontal form on E”. Hence, one has to prove that du ea —ála, a] = 


O. To this end, it suffices to observe that in view of Lemma 4.1.1 
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F* (dy, »b — 5[8,8]) = dee (F*(8)) — 5 ([5* (8), F* (8)]) = dy ga — Sa, al. 
Hence the claim follows by the fact that dg,y/ — 515,5] = 0. 


Corollary 4.1.4. If F is the restriction to E” of a classical symmetry of a formally 
integrable equation E, then F*] maps any ZCR a of E to a ZCR F*(a). In particular, if A , is the 
flow of a restricted classical generalized symmetry of €, then a, := Af(o) isa 1-parameter 
family of ZCRs of €. 


We close this section with the following examples illustrating the results of Proposition 
4.1.3 and Corollary 4.1.4. 


Example 4.1.5. The sine-Gordon equation 
E:=(as=sin(z)), (4.1.2) 


defines a submanifold of J (rn), with m: R2x R 5 R?, (x, t 2) + (x, ?), and admits the following 
si(2, R)-valued ZCR 
1 —& 1 [ cos(z) sin(z) 
qui= dx + — dt. (4.1.3) 
a 4 4 
The algebra of classical symmetries of € is generated by the prolongations of vector 
fields 
Y-ô,, Y = O, Ya = xô, — tô, 
Symmetries Y, and Y, describe the obvious invariance of (4.1.2) under translations 
x» x+c andtr t+c,C, C,€R. Hence their prolongations leave invariant the ZCR « 
and cannot be used to construct a 1-parameter family of sI(2, R)-valued ZCRs of (4.1.2). 
The same is not true for Y,, and according to Corollary 4.1.4 one could use the flow A, of 
the restriction to E” of YA) to generate a 1-parameter family of sI(2, R)-valued ZCRs of 
(4.1.2). Indeed, since a only involves first-order jet-coordinates and A, induces the following 


first-order transformation 


te, srez, zm2 2 He“g, mts Az, 
one readily gets that 
A z o qr = 
e nico cos |z sintz 
2 1 ( ) ( ) 
ax = AF (a) = da + ss dt, 
4 —A de sin(z) —cos(z) 


which is the well known 1-parameter family of ZCRs for the sine-Gordon equation [56]. 
Using Theorem 1.6.3, one could check that À is not removable, and hence that a, is a 


nontrivial 1-parameter family of sI(2, R)-valued ZCRs. Using the Theorem 4.2.8 of next 
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section one could predict the non-removability of À by the fact that the prolongation of Y, is 
non gauge-like for a. 

Remark 4.1.6. We notice that, in the current literature, classical symmetries of 
nonlinear differential equations admitting ZCRs are usually projectable. However, as shown 
by the following example, non-projectable symmetries also may occur and hence exploited 
in the embedding of a given nonparametric ZCR «a into a 1-parameter family a, of ZCRs. 

Example 4.1.7. Inthe previous example, A, is projectable andhence AF (a) = As(a). 
However, if one uses the non-projectable transformation F defined by the prolongation of 


the point transformation 
T= t—s, Es; U=2 (4.1.4) 


equation (4.1.2) and ZCR (4.1.3) transform to 


p= [re a d 1 (vevrr — vêsin (uv) — 3vZsin (v) + 3u,sin (v) — sin O) (4.1.5) 


and 
1 ve cos(v) ve vg sin(v) 
= 4 2(v;—1 4 
8 = (Ef (o) = Re d 
VE vesin(v) vecos(v) 1 
2(1-v,) 4 4 


cos(v) sin(v) 
mir dr, 

sin(v) —cos(v) 
respectively, where F is the restriction of F'to &'”. Consequently, Y, transforms to the non- 
projectable field X,:= F(Y;) = €0,+(V— T) d, which generates a non-projectable classical 
symmetry of Y. Hence the flow BA of the restriction to Yº of É a is not projectable and 
B$(B) does not coincide with B;(5). 

Since 8 only involves first-order jet-coordinates and B, induces the following first- 

order transformation 
= 


e A Vs 


vrteA-e-dy,* 


vr 
vrte Ace? 


Em ede, Torvut(T-ve?, vis, ve + vt 


one gets that 
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vecos(v) VE vesin(v) 


e es 
4eA 2(v,—1) 4eA 
Ba = BÉ(B) = d 
A A ( vg vgsin(v) vgcos(v) E 6 
2-0) de re 


cos(v) sin(v) 
+ dr. 
sin(v) —cos(v) 


Of course, since Ftransforms the flow of Y, to the flow of X,, one has that F(B) =. 


INNITESIMAL CRITERION FOR GAUGE-LIKE SYMMETRIES AND NONTRIVIAL 
1-PARAMETER FAMILIES OF ZCRS 


In this section we will prove an infinitesimal version of Theorem 1.6.3 (see Theorem 
4.2.8 below), which will give a characterization of classical symmetries whose flows acts like 
gauge transformations for a ZCR a of €. We will call these symmetries gauge-like and prove 
that they form a sub-algebra of the Lie algebra of symmetries of £. Hence, 0» := AF (ais 
nontrivial if and only if A, is the flow of a restricted classical non gauge-like symmetry. 

We begin by introducing the following 

Definition 4.2.1. Let Z be a vector field on J(mM) and v E g & AP. By Zw) we 
denote the nº9-projected Lie derivative 


Z(w) := PD (Lz(w)). 


In particular, if Zis a generalized symmetry of € and Zits restriction to £(5), for any 
w E g Q AP9(E) we denote by Z(w) the rt? 9-projected Lie derivative 


Z(w) := 1D (Lz(w)). 


The following lemma gives an analogy of the standard commutation property between 


the Lie derivative and the exterior differential. 


Lemma 4.2.2. !f Z is a generalized symmetry of E and Z its restriction to E, then 
Z(d, (w)) = d, (Z(w)) for any v E g O Aº?(E). 

Proof. Since L, and d commute on g & A“(£) and Z is tangent to E”, one gets that 
(Lg 0 dleío — dle(oe O Lz) (ww) = O, forany w E g Q AC”(€). On the other hand, since 


dle(os) = dg + dy, Lemma 4.1.1 allows one to rewrite 

=(a+1,b 

nt) o (Lg 0 dle(oo — dlgçooy O Lz) (W) =0 
as 


((mlo+1,b) o Lz)ody —dgo (lo) o Lz)) (w) = (mlo+1,b) o [dy. Lz]) (ww). 
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Then, since Zis a symmetry of €(6), [d,, Li(w) cannot have horizontal degree greater 
than a and n(a+1,b) E [d, Li (w) = 0. 


Itis not difficult to prove also the following two results 


Lemma 4.2.3. If 4, B are infinite prolongations of point or contact transformations, 


then BºB A'=Bº 2 A. In particular, if A and B are symmetries of E, then their restrictions 
A, Bto E) are such that B* E A = Br At. 


Lemma 4.2.4. If Z, Z, are generalized symmetries of €, then for any «E g & A!(e) 
their restrictions Z, and Z, to E” are such that Z, (L; q) = Z, Z, (0). 
Lemma 4.2.4 will be used in the proof of Proposition 4.2.10, whereas Lemma 4.2.3 


is needed in the proof of the following 

Proposition 4.2.5. Leta E g Q A!(£) bea ZCROf E and Z be a classical symmetry 
of E. IfA, is the flow ofthe restriction ZofZto EO, je, Z = & | 1-0 4h.» then the 1-parameter 
family of ZCRs ax := Af (o) is such that 

(i) 20) = Elo A(O); 

(ii) Soa = AF (Z(0)). 

Proof. (i) By definition of Lie derivative Lz(0) = &| 1-0 (a). hence the claim follows 
by obsenving that Z(a) = 709 (E) o 40) = (lo 70 (Aj(O)) = bilico A (0). 

(ii) In view of Lemma 4.2.8, Ara = 110) o Ato At= A? o AF = AF o AF 


hence 


in view of (i). 
Then one can also prove the following 


Proposition 4.2.6. Leta e g Q N'(£) be a ZCR Of E. If Z is a restricted generalized 


symmetry of E, then Z(o) is a 1-cocycle with respect to Em ie., 
daZ(a) = 0. 
Proof. Since dga — ala, a] = O) and Zis a vector field on £”, one still has 


Lz (âno — pla,al ) ==) 


identically on £”). Hence, by using Lemma 4.2.2 and formula (1.5.1), the derivative of 


Z (dya — à[a, al) returns 


Nontrivial 1-parameter families of ZCRs obtained via symmetry actions 


80 


0 = dg (Z(a)) — 5lZ(a),al — =[a, Z(0)] = dy (Z(0)) — Ta, Z(a)] = 9,72(0). 


Remark 4.2.7. f Zis the restriction to E of a classical symmetry Z of & with flow 
A, one can prove Proposition 4.2.6 by using Proposition 4.2.5. Indeed, by considering 
O) = Af(a) and differentiating the identity de, - «a, A q, = 0 atA =0, one gets 
0 = dg (Z(a)) —Z(a)ha-aA Za) = dy (Z(a)) —2a A Z(a) 
= dy (Z(0)) — [a, Z(0)] = da (Z(0)) . 
The following result, together with Proposition 4.2.6, provides a cohomological 


obstruction to the removability of À from the 1-parameter family of ZCRs obtained by using 


the flow of a classical symmetry. 


Theorem 4.2.8. Leta E g Q N'(£) be a ZCR of E, Z a classical symmetry of E and A, 
the flow of its restriction Z to E(o9). Then the parameter À in AÉ(a) is removable if, and only 
if, Z(a) is a coboundary with respect to ER ie. 

Z(a) SK, (4.2.1) 
for some g-valued smooth function K on E(º). 


Proof. If the parameter À is removable, then for À, = O there exists some G-valued 


function S, such that S, = I (identity) and 


Hence, by differentiating with respect to À 
0 = dy (& (57) Sa + dy (8x!) &S + (457) (Afa) 55 + 5! (A Afo) 55 
+57! (Afa) &S4, 


and further evaluating at À, = O, by Proposition 4.2.5 one gets 


= d d as d 
0O=dy|—| St)+(—| S!ljo+Z(ao)+a—| S. 4.2.2 
” E A=0 , ) (a A=0 o di Era dA =0 
On the other hand & (S7!54) = 0 entails that (255) Sy + Sy! (454) = 0 and 
d pi d o : RE a 
hence ei Sky =— Sli Sy. Therefore, by choosing K = dio Sa. (4.2.2) can be 


rewritten as Z(o) = (d, — [o, .] (K) = O, (K). 
Conversely, assume that Z(a.) = 9, (K) and consider a solution S, of 
Sa = AS(K) Sa, 


(4.2.3) 
S=1, 
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where Sa = ES. In a neighborhood / of A,= O, S, defines the gauge transformation 
08% = dySySy! + SyaS7! which can be rewritten as dy S, = a%Sy — Sya. Then, y 
defining 

2 du Sax + Sa — aaSha, (4.2.4) 
one readily gets 


4 (aa =— 03) Sk- (4.2.5) 


Of course z = 0, and it can be proved that 2, = 0, for any À E 1. To this end, one may 


first consider the derivative of (4.2.4) with respect to À 
2 = PRA + Sa — 438) — as, 
and, by using equation (4.2.3), rewrite it as 
à =dy (A (EK) Say) +(AS (KM) Sa) a — daSy — a As (EK) Sa. 
On the other hand, in view of Proposition 4.2.5, one has 
dx = —-Af (0) = AF Z(a) = AF (do (K)) . 
Hence 
à = da (AS(K)) Sa + AS (E) dyS» + AS (K) Sxa — AF (da (K)) Sá 
— AF (a) At (K) Sá 
= dH (AS (K)) Sa + AS (K) dySy + AS (K) Sya — AF (dy K — la, K]) Sa 
— AF (a) AS (K) S 
= dg (A (K)) Sa + AS (K) (da Sx + Sra) — dg (A (K)) Sá 
+AF (a) AS (K) Sa — ASK) AF (a) Sy — AF (a) AS (K) S 
= ASK) (dirSr + Sya — AF (a) S) = ASK) 2» 
and z, must be the solution of the Cauchy problem 
a =4A(K)a 
0 — 0. 


It follows, by the existence and uniqueness of solutions to such a Cauchy problem, 
so 
that z, must be identically zero. Then, since S, is invertible, by (4.2.5) one gets a = ay? 


and hence that À is removable . 
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This theorem justifies the following 

Definition 4.2.9. A generalized symmetry Z of £ is called gauge-like for the ZCR a 
Eg Q A'(E) if its restriction Z to E(º) satisfies the condition Z(a) = d,K for some g-valued 
smooth function K on €. If in addition Z is a classical symmetry, then Z will be called a 
classical gauge-like symmetry for q. 

We have the following 

Proposition 4.2.10. Let Z, and Z, be two gauge-like symmetries for the same ZCR q 
EgQ N'(E) ofE. Then also [Z, Zo] is gauge-like for a. In particular, if 

Zi(a) = dk, Zo(a) = dk, (4.2.6) 
then 
[Z1, Zo)(a) = da (Ki), 
with 
Ki =— Z1(Ko) — Zo( K1) — (Ki, Ko). 
Proof. First observe that [21,25] = [21,22] and Liz, 75) = [Lz,, Lg). 


Hence, in view of Lemma 4.2.4, one gets 


[Z1, 25] (a) = Z1(Zo(0)) — Zo(Zi(0)), 
and a direct computation gives 
Z(Zo(0)) — Za(Z1(0)) = dy (Z1(Ko) — Zo(K1)) — [as Zi(Ko) — Zo(K1)] 
— flZi(a ). Ko] — [Za(a), Ki] : 
Then using again (4.2.6), and formulas (1.5.1, 1.5.2, 1.5.4), one readily gets that 
Zi(Za(a)) — Za(Z1(0)) = Ou (Z1(K2) — Zo(K14) — [Ki, Ko]) . 

Hence one gets the following 

Corollary 4.2.11. Gauge-like symmetries, for the same ZCR a of E, form a Lie sub- 
algebra of the Lie algebra of generalized symmetries of €. In particular, classical gauge-like 
symmetries form a Lie sub algebra of the Lie algebra of classical symmetries. 

Remark 4.212. It is worth to remark here that, in general, two non gauge-like 
symmetries Z,, Z, lead to two nontrivial 1-parameter families of ZCRs od and az. However, 
one should consider ox and E. as being two distinct 1-parameter families only if they are 
not equivalent, according to Definition 1.6.2. 

We conclude this section by observing that the Lie algebra of gauge-like symme- 


tries fora ZCR a of E is invariantly associated to any equation equivalent to €£, modulo some 
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contact transformation. Indeed one has the following 
Proposition 4.2.13. /fF is the infinite prolongation ofa point or contact transformation 

which maps a formally integrable equation € c J(m) to a formally integrable equation Y c 

J(r), then the push-forward F. transforms the Lie algebra of gauge-like symmetries for a 


ZCR a of€ to the Lie algebra of gauge-like symmetries for the ZCR B = (F')* (o) of Y. 


(F-")* (a), which holds for any 
o(F- Dt = (PI o (2) 


Proof. Consequence of the formula (F '): (L; 0) = E 
restricted generalized symmetry Zof £, and of formulas Ty ab) 
and dyy o (FM? = (Fo dye.. 


EXAMPLES 
Here we illustrate some examples of how, starting from a given ZCR a of E, one may 


use the flow of an infinitesimal classical symmetry which is non gauge-like for a to construct 

a nontrivial 1-parameter family «, of ZCRs of €. 
Example 4.3.1. Burgers equation 

= +24, (4.3.1) 

is one of the better-known nonlinear differential equations. In the paper [20] it has been 

observed that (4.3.1) can be embedded into a huge class of pseudospherical equations. In 


particular, the sI(2, R)-valued ZCR of (4.3.1) found in that paper is 


; - 
n z E) nz Z zm | Ed 
2 4 + 2 4 4 ii 8 + 4 
Bn:= dx + dt, 
Zn E) a 22 nz nz 
4 2 2 4 8 4 4 


where 1 is a nonzero parameter. However, by using Theorem 1.6.3 one can see that n is 


removable through the gauge transformation defined by 


1 
s= [55 7 
a 1 
5 7 
Indeed, one has that 
R : 0 E 
a=S18,S-SdyS = dz + dt. 
1 z z Zz1 z2 
"2 "4 "4 A a 


Here, by applying the results of Sections 4.1 and 4.2, we will show how use a to 


construct a nontrivial 1-parameter family of ZCRs of (4.3.1). 
To this end, we first observe that the algebra of classical symmetries of (4.3.1) 


5-dimensional and generated by the prolongations of vector fields 
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N=ô, Nh=ô, Y=7ô,+20,-20, Y=tô,-ôO,, 
YK=-ztô.-ôo + (x +tz)ô.. 
In particular, the structure of the algebra of classical symmetries is 
Mil yd-Men=-0, Mb=-DPoM]=-h, 
[Yo,Y3] = 2%, Yo, Yo)=)5, [Y5,Y])=2Y, MY] = [5,4] = YA. 


Then, using Theorem 4.2.8, one can check that Y,, Y,and Y, generate the algebra of 
gauge-like symmetries for «. On the contrary Y, and Y, are non gauge-like for «. Notice that 
the sub-algebra of gauge symmetries, with respect to a is not an ideal. For instance this is 


evident from the commutator [Y,, Y] = 2Y,. 
By way of illustration, we explicitly prove these properties for Y, and Y,. 
For instance, denoting by Zthe restriction of Y'º to the infinite prolongation 


E) of the Burgers equation. Equation (4.2.1) is equivalent to 


0 0 0 0 E 
da + dt=dyK — (a, K)], (4.3.2) 
10 --0 


- , a b 
where d, is the horizontal differential on €% and K = an sI(2, R)-valued 
€C —&Q a 
2 


0 
function on £º. Then, it is not difficult to check that (4.3.2) is satisfied by K = oi ) 


2 
and hence that Y, is gauge-like for a. 


On the other hand, denoting by Z the restriction of Y to £”, one can readily check 


that the resulting equation (4.2.1) does not admit any solution K. Indeed, assuming that 


1 


. —> 0 
K = E is an sI(2, R)-valued function on E”, then the coefficient of dx in the 


1 
2 
1-form Za) - d 


H 


K+ Ta, Kis 


a E eb - D,a 2 + D,b 
ia. (Z(0) — dy K + [o, K]) = (4.3.3) 


t—z T) +2b n 
5 —a— Dc —E2+4Dça 


Now, it is straightforward to check that for (4.3.3) being identically zero it is necessary 
that the functions a, b, c depend only on (x, ?). But, even in such a case (4.3.3) would never 


vanish due to its dependence on Z. Hence Y, is non gauge-like for a. 


Hence, for instance, one may use the flow A, of the restricted symmetry no to 


construct a nontrivial 1-parameter family of ZCRs of (4.3.1). 


Indeed, since a only involves first-order jet-coordinates and A, induces the following 
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first-order transformation 


E t ç 
Fe Co eo (I+M)z+A, aba +A(L+A), 


one gets the following nontrivial 1-parameter family of ZCRs of (4.3.1): 


z Ar 
a 0 
4 4(14+Ãt 
a) = AF (a) = : Ê , gs dx 
2(1+t) 4 4(1+At) 
2 22 A A2g2 
4 + Taio” sda i 
ale dt. 
A a Ar z1 22 A £ AZz2 
AO) T aa 47 840) Tae 


Another nontrivial 1-parameter family of ZCRs of (4.3.1) is 


a 4 (en)? (z—n) 
| -[00 a 0 
Be da + 
A 
4 


dt, 


= e 2 (2-2 mz-n) 
4 8 4 


mn 
In 
= 


and arises from the non gauge-like symmetry generated by Y,. One can see that q, and B, 
are not equivalent, in the sense of Definition 1.6.2. 
Example 4.3.2. The well-known 1-parameter family of ZCRs [56] of KdV equation 
= +6a, (4.3.4) 
can be obtained by the following nonparametric sI(2, R)-valued ZCR 
0 z—1 FA] -4+22+0+22 
ai= dx + dt, 
— 0 —4 — Dz —2 
with the use of a symmetry which is non gauge-like for a. 
Indeed the algebra of classical symmetries of (4.3.4) is 4-dimensional and gener- 


ated by the prolongations of the vector fields 
Y=-ô YN=-tô,+ 5d N=0 YN=t0, +30, — 2:0,. 
In particular, the structure of the algebra of classical symmetries is 
MoY]=Y,Y%]=0, YoY]=[D5,Y%5]=N, [Yo,Y] = —2%, [Y5,Y4] = 3)5. 


Now, in view of Theorem 4.2.8, one can check that Y, and Y, generate the sub- 


algebra of gauge-like symmetries for a. On the contrary Y, and Y, are non gauge-like for «. 
By way of illustration, here we will explicitly prove that Y, is non gauge-like. 


For instance, denoting by Zthe restriction of Y' to the infinite prolongation E of the 


KdV equation, one can readily check that the resulting equation (4.2.1) does not admit any 
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a 
solution K. Indeed, assuming that X = 
ce -—l 


is an sI(2, R)-valued function on €9), 
then the coefficient of dx in the 1-form Z(a) — d,K + [o, KI is 


io. (Z(a) — da K + (a, K]) 


b+(z—-1)ce- D,a -z-1-2z-1NDa- Db (4.3.5) 
=1=29- Dec -b—-(2z-1)c+ Da 


Now, it is straightforward to check that for (4.3.5) being identically zero it is necessary 
that the functions a, b, c depend only on (x, ). But, even in such a case (4.3.5) would never 


vanish due to its dependence on z. Hence Y, is non gauge-like for a. 


Hence, for instance, one may use the flow A, of the restricted symmetry (O to 
construct a nontrivial 1-parameter family a, := AF (a) of ZCRs of (4.3.4). To this end, 
since «a only involves second-order jet-coordinates and A, induces the following second- 


order transformation 


T's ez, tis Pá À rs ez, ae Ai 29 5 € “29, 


one gets that 


O ee E] —4e2 42012 + em + z 
ax = da + dt. 
—eN 0 —4eA — De —Y 


Up to a gauge transformation aA is equivalent to the already known 1-parameter 
family of ZCRs [56] 


nz 4 +mz ta 2 +2na + 4mz +22? 
Om := da + dt, 
-l —n —4p — 22 —-49º — 2nz — q 
, A —A - NS Ê 
where n % O. Indeed, ifone chooses n= e*and S = i . then (4x) — AS (a). 


On the contrary, by using the non gauge-like symmetry generated by Y,, one would 


get another nontrivial 1-parameter family 


Bm := dr 
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However a, and B, are equivalent (according to Denition 1.6.2), since for n=6 (1 - e?) 


2/2 0) 
ic S — 
and S =— O MM one has that (0,)S = 8, 


Example 4.3.3. The known 1-parameter family of ZCRs [19] of the Chen-Lee-Liu 


system 
= 29 +2207 , 
(4.3.6) 
Vi = —vo + 2zuvi 
can be obtained by the following nonparametric sI(2, R)-valued ZCR 
ol > anda a Gu dm -2+m 
qi da + asd 
l=zu ai E ; zus—>ziu—(zu— 
v E zu? — v—v EU a 


with the use of a symmetry which is non gauge-like for a. Indeed, the algebra of classical 


symmetries of (4.3.6) is 4-dimensional and generated by the prolongations of vector fields 
Y-ô0. Nh=0d Y=-20,+vd,, YNyi=10,+ 20, — vôo. 
In particular, the structure of the algebra of classical symmetries 
Di y]=DY]=Do,Y]=DY]=0, Doyd=Y, Day] =2%. 

Now, in view of Theorem 4.2.8, one can check that Y, Y, and Y, generate the 
sub-algebra of gauge-like symmetries for a. On the contrary Y, is non gauge-like for a. 
Hence, by using the flow A, of the restricted symmetry VÃO, one can construct a nontrivial 
1-parameter family a) := AF (a) of ZCRs of (4.3.6). To this end, since a only involves 


first-order jet-coordinates and A, induces the following transformation 


crer, tro Paus À 252, VHS ev, > ea, vi t+ eu, 


one gets that 


E" A E av-zv+(zume Es 2 x 
a a ea de q (2 v—e 2+2) 
a = dx + * dt. 
v A-zu 2 A zu>ziv—(2zu—eA) 
2 zu" —etv—u 5 


The already known 1-parameter family Ay ofZCRsof (4.3.6) canbe obtainedin asimilar 
way by using the flow B, of the restricted symmetry JP) = 271) + VÃ), Le., O) = 
BF (a). On the other hand, since B, = C, E A2A with C, being the flow of the restricted À 
symmetry E TARA then à, = Bi(a) = 4% (cf (a). 


Example 4.3.4. The known 1-parameter family of ZCRs [24, 64] of the DNSL- 


Schrôdinger system 
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% = —va + 6227 + 22xv? 4 4zuv (4.3.7) 
v = 29 + 4220 + 2220 + 6001 es 
can be obtained by the following nonparametric sI(2, C)-valued ZCR 
—w z+5 
qi= * | dz 
3-2 W 
i[(1-22—-202)v— 4] (i+20)(2 +03) -w—-z—5 
dE dt, 


(i-2)(2+0)+w+z—s ila—(1-22º — 202) v] 
with the use of a symmetry which is non gauge-like for a. Indeed, the algebra of classical 
symmetries of (4.3.7) is 4-dimensional and generated by the prolongations of vector fields 
Y-ô0,. Yh=ôd. Y=2x0,+4HN0,-20,-—-vÔ,. Yyi=-vÔ, + <ô,. 
In particular, the structure of the algebra of classical symmetries is 
Po=YY=MYN=MYA]=0 M,Y]=2N, [Y5,%3] = 4%. 
Now, in view of Theorem 4.2.8, one can check that Y, Y, and Y, generate the 


sub-algebra of gauge-like symmetries for a. On the contrary Y, is non gauge-like for a. 


Hence, by using the flow A, of the restricted symmetry P$es) 


1-parameter family a, := AF (a) of ZCRs of (4.3.7). To this end, since a only involves 
] A 


. One can construct a nontrivial 


first-order jet-coordinates and A, induces the following transformation 


crer toe zmelz ves eo, 2a + ca, vi > ey, 
one gets 
—im 2n + = 
a) = a dr+ 
a — n2 inv 
im [(m? —92 Wu — 21] n [(in +22) (2? +v?)—- vy— me: = | 
dt. 
n [lin — 22) (22 + v2) +u+ mz — g] in [2 — (m? — 922 — 2u?) v] 
with 9 = e”, which is the already known 1-parameter family of ZCRs given in [24, 64]. 
Example 4.3.5. The Sawada-Kotera equation [57] 
“= 2 + 522 + 5223 + 5229, (4.3.8) 


admits the following nonparametric sI(3, R)-valued ZCR 
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o Ooo dq 
: —2 0 
—2z 2 — 327 —3 
+] —Il-ga Z— 22% — 28 22 + 229 dt. 
E E Sl —2z—u 23 +2 +24 


Here, by applying the results of Sections 4.1 and 4.2, we will show how use a to 
construct a nontrivial 1-parameter family of ZCRs of (4.3.8). 
To this end, we first observe that the algebra of classical symmetries of (4.3.8) is 


3-dimensional and generated by the prolongations of vector fields 
Y=-ô. Y=ô, Y=2z0,+5tô, — 220,. 
In particular, the structure of the algebra of classical symmetries is 
YM,X%]=0, YY]=Y, [Y5,Y3] = 5Y. 


Now, in view of Theorem 4.2.8, one can check that Y, and Y,generate the sub-algebra 
of infinitesimal symmetries which are gauge-like for a. On the contrary Y, is non gauge-like 
for «. Hence, by using the flow A, of the restricted symmetry VÃO, one can construct a 
nontrivial 1-parameter family ax := AF (a) of ZCRs of (4.3.8). To this end, since a only 


involves fourth-order jet-coordinates and AA induces the following transformation 


to Mk, roer, ze area, 


29 5 Pad 23 5 e 23, Use “2, 


one gets that 
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a:=|0 0 uldz 
g = 
—2uºz u(22 — 2a) 3u2z — 3ué 
+| --pa giz — zm — 28 u (22 + 220) dt, 
n(g-2) é — Ettmtatto 4 yr 420 
where yu = e, 
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